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Abstract

We study when forward-looking search over locally correlated alternatives admits an index
policy. A decision maker searches an ordered payoff landscape with stationary independent
increments, choosing among known alternatives and unresolved regions. Our main result gives
a sufficient condition for indexability. If each region is explored through a fixed local proto-
col, each opportunity can be valued independently, and an optimal Gittins-index policy exists.
Without this restriction, indexability can fail: random-walk examples show that both the exper-
iment chosen within a region and the ranking of regions can depend on outside opportunities.
Thus, correlation need not prevent indexability; what matters is whether the decision maker
can adjust local search to opportunities elsewhere. We apply the framework to R&D and career
mobility. In a Brownian R&D model, discoveries generate threshold transitions among frontier
research, recombination, commercialization, and return to earlier projects. Greater technolog-
ical distance raises the value of recombination. In career search, correlation makes previously
skipped occupations valuable after adverse outcomes, generating lateral moves that disappear
in a benchmark with identical marginal job distributions but independent payoffs.



1 Introduction

This paper asks whether forward-looking search over locally correlated alternatives—such as those
generated by Brownian motion (Jovanovic and Rob [1990], Callander [2011]) or random walks—
admits an index policy. Indexability means that each exploratory opportunity can be assigned a
priority based only on its local state. When indexability fails, the ranking of two opportunities can
change after learning elsewhere. To study when this occurs, we develop a model of search over an
ordered space with stationary independent increments.

Our main result shows that indexability depends on how much control the decision maker has
over local search. To formalize this intuition, we introduce a granularity constraint: the decision
maker chooses which region to explore, but the location sampled within that region is drawn from
a fixed local protocol. The granularity constraint has a natural economic interpretation in some
settings. In R&D, it captures imperfect short-run control over research outcomes. Management can
choose which technological direction to pursue—for example, which pair of existing technologies
to recombine or whether to push the frontier—but cannot perfectly choose the exact prototype
produced in a single research round. The realized design is instead generated by a fixed research
protocol, while the firm retains full flexibility to redirect subsequent R&D toward the most promis-
ing opportunities created by that experiment. In career mobility, the corresponding restriction
arises from skill transferability. A worker can choose among career directions made accessible by
past experience, but cannot move arbitrarily far in occupational space. Which jobs are currently
accessible therefore depends on the worker’s previous positions and the skills acquired along the
way. In both settings, the decision maker chooses where to direct search, while the technology of
experimentation or mobility constrains how that choice is implemented locally.

The restriction is less appropriate in settings where the decision maker has precise control over
the alternative being tested. For example, a firm experimenting with prices can typically choose
the price it wants to post, and a central bank choosing an interest rate can set the policy rate
directly. In such applications, local flexibility is part of the economic problem. Our framework is
therefore most useful in settings where the direction of search is chosen deliberately but its local
implementation is constrained.

Under the granularity constraint, each search opportunity can be represented by an arm whose
reward and descendants depend only on its local state. Unselected opportunities remain un-
changed. The problem therefore has an Open Bandit representation. Because the problem features
unbounded payoffs, Appendix A extends a bounded-rewards Open Bandit index result under a
transversality condition. We prove the Indexability Theorem using this extension: each available
search opportunity can be assigned a Gittins index based only on its local sufficient statistics, and
an optimal policy selects an opportunity with maximal index.

Conversely, we demonstrate that the granularity constraint is effectively necessary for index-
ability. Once the decision maker is granted the flexibility to select optimal locations within an
unexplored interval—essentially treating the interval as a sub-problem rather than a single arm—
the resulting optimization problem is generally non-indexable. Through a series of counterexamples,
we prove that under such flexibility, the optimal internal search location changes based on the state
of the rest of the system, making it impossible to assign a local value to an unexplored interval.

To demonstrate the scope and utility of the framework, we apply our model to R&D and career
mobility.

We first study R&D before market entry. A startup searches over a Brownian technological
landscape and can either commercialize a product it has already developed, expand the technolog-
ical frontier, or recombine two previously developed technologies by exploring the interval between
them. The indexability result reduces this problem to a comparison among the indices of these op-



portunities. The model generates endogenous changes in the direction of R&D. Following a frontier
discovery, sufficiently poor realizations lead the firm back to recombining old projects, or to enter
the market with the best developed technology; sufficiently profitable realizations induce market
entry with the newly developed product; while intermediate discoveries sustain further frontier
R&D. Conditional on the economic value of the discovery, a sufficiently large technological jump
makes the interval produced by frontier expansion the most valuable next project and induces
recombination. A similar threshold structure governs what happens after a recombination experi-
ment. The resulting dynamics provide a mechanism for cycles between broad exploration and more
focused development within a single firm, and connect naturally to evidence on phased technologi-
cal search and recombinant uncertainty. Indeed, these dynamics have close empirical counterparts.
Randle and Pisano [2021] document a pattern in which firms producing breakthrough inventions
first explore unfamiliar technological terrain and subsequently shift toward a more focused use of
the knowledge accumulated during exploration. In our model, frontier expansion creates the tech-
nological anchors that make such a later recombination phase valuable. Fleming [2001] similarly
shows that unfamiliar components and new combinations generate more dispersed invention out-
comes and are less useful on average. Our model provides a selection-based interpretation of these
findings. Greater technological distance increases uncertainty and therefore the option value of
experimentation: the firm can abandon poor realizations while retaining the upside from favorable
discoveries. As a result, the firm is willing to undertake more distant projects at lower average prof-
itability. Thus, unfamiliar combinations may appear less useful on average not because distance
mechanically lowers the expected payoff of a given project, but because greater option value lowers
the profitability threshold at which such projects are selected. These papers do not identify the
threshold mechanism developed here, but they document precisely the kinds of search dynamics
that the model rationalizes.

Our second application studies a worker’s career trajectory across a landscape of correlated
occupations modeled as a discrete random walk. In this setting, the worker is subject to a local
exploration constraint representing the friction of human capital transferability: a worker cannot
leap across the skill space but must take ”stepping-stone” jobs to unlock new career frontiers. The
simplicity of the environment allows us to characterize the optimal policy completely. The worker
expands the career frontier while its match quality remains close to the best match previously
found; after sufficiently adverse news, she instead experiments with a previously skipped occu-
pation whose value is informed by successful jobs on both sides; and she eventually settles when
neither outward search nor such lateral options are sufficiently attractive. To isolate the role of
correlation, we compare this policy with a benchmark that preserves the same occupational land-
scape, the same mobility constraint, and the same marginal distribution of match quality at every
position, but makes jobs independent. In that benchmark, skipped occupations are never revisited:
the worker either continues outward or settles. Correlation therefore creates a stock of latent lat-
eral options that can become valuable after adverse career shocks, providing a mechanism for the
path dependence and retraining toward related fields documented in the empirical career-mobility
literature. Indeed, Humlum et al. [2025] show that adverse career shocks can induce workers to
redirect human-capital investment toward fields related to their previous experience, while Bruhn
et al. [2025] document persistent effects of early occupational assignments on subsequent employ-
ment in the same or related occupations. Our model provides one mechanism for these patterns.
Successful past jobs make the worker optimistic about related but previously untried occupations,
so that a deterioration at the current career frontier can make such a lateral move optimal. The
independent-marginal benchmark isolates this mechanism: when jobs retain the same marginal
payoff distributions but no longer convey information about one another, skipped occupations are
never revisited. The empirical evidence does not establish correlated learning as the unique mecha-



nism, but it is consistent with the path dependence and shock-induced lateral adjustment generated
by the model.

1.1 Literature review

The Brownian framework has been introduced in Jovanovic and Rob [1990] and has been later
revived by Callander [2011]. Both papers examine the process of discovery when the realization of
a Brownian motion generates payoffs over a continuous action space. In Callander [2011], a sequence
of myopic players incrementally explores the policy space, with each agent choosing actions near
previously tried ones and observing locally informative payoffs. This setting captures the idea
of learning by trial and error in an unpredictable environment, but its complex structure makes
the analysis of forward-looking behavior analytically challenging. Inspired by this problem, we
propose a tractable analog for forward-looking search with an infinitely-lived player. Our framework
also complements the dynamic social experimentation analysis of Garfagnini and Strulovici [2016].
In their model, a sequence of risk-neutral agents living for two periods explores the Brownian
environment introduced by Callander [2011]. Crucially, moving from two-period players to an
infinitely-lived decision maker changes what is relevant for optimal search. For instance, Garfagnini
and Strulovici [2016] demonstrates that the value of an interval is determined solely by its intrinsic
features and the maximum payoff previously encountered. This result is intuitive within a two-
period horizon: an interval’s utility is limited to its potential to yield a payoff exceeding the
current maximum in a single step. However, as our examples illustrate, extending the planning
horizon beyond two periods allows for the sequential combination of search across multiple intervals.
Consequently, if no additional constraint is imposed, the value of a specific interval is no longer
local but becomes a function of the global state of the system. Other contributions to forward-
looking search in a locally correlated environment with an infinitely lived player are Urgun and
Yariv [2025] and Wong [2025]. In these studies, agents are restricted to contiguous search. Their
decision-making is twofold: they must determine whether to terminate or persist in their search
and, conditional on continuing, select an optimal search intensity. Consequently, their analysis
focuses on how history shapes the optimal search speed, rather than addressing the problem of
optimal location selection. Our analysis is also related to Fershtman and Pavan [2026], who study
experimentation when the decision maker can expand her consideration set as well as explore
alternatives already available to her. Fershtman and Pavan interpret consideration-set expansion
as a branching arm and develop a recursive index for the value of search. In our environment,
branching instead arises from learning about a correlated payoff landscape: experimenting with
an unresolved region replaces it with the local opportunities generated by the new observation.
Thus, both papers exploit the machinery developed for branching bandits, but our focus is on the
conditions under which correlation across primitive alternatives remains compatible with an index
decomposition. Closest to our question of where a forward-looking decision maker should search
are Malladi [2022] and Banchio and Malladi [2026], who study long-lived searchers that can freely
choose where to experiment in an ordered space in which nearby alternatives have related payoffs.
Their approach is robust rather than Bayesian: the decision maker evaluates continuation policies
against the worst-case payoff landscape consistent with her observations. We instead study the
problem under Bayesian beliefs generated by a stochastic payoff landscape.



2 The General Model of Locally Correlated Search

2.1 Search Environment

The decision maker (DM) searches over a one-sided spatial domain X, where either X = R or
X = Ny. The continuous domain R, will be used in the R&D application, whereas the discrete
domain Ny will be used in the career-mobility application.

Each location « € X has an unknown payoff W,. Before search begins, Nature draws an entire
payoff landscape 1 (z) from a stochastic process ¥ = {W¥, : x € X}.! Once drawn, the landscape
remains fixed over decision time. The DM knows the probability distribution of ¥ and the initial
payoff ¥y = g, but not the realized landscape.

Assumption 1. For every finite sequence xg < r1 < --- < T, with x; € X, the increments

Vo = Uy, YUy, — U

n

are mutually independent.

Assumption 1 concerns increments over disjoint spatial segments, not payoff levels. Payoffs at
nearby alternatives remain statistically correlated because they share the increments accumulated
before their paths separate.

Crucially, this assumption implies that learning is local. Once the payoffs at the two endpoints
of an unexplored interval have been observed, observations outside that interval do not affect beliefs
about its unresolved interior. Similarly, the distribution beyond the rightmost observed location
depends on earlier observations only through the payoff at that frontier. More formally, conditional
on the observed endpoint payoffs, the remaining uncertainty in distinct intervals and beyond the
frontier is independent.

Assumption 2. For any x <y and 2’ <y’ in X such that y —x =y — x', we have
d
R R P

Assumption 2 makes the landscape spatially homogeneous. Together with Assumption 1, it
implies that an unexplored bounded interval can be summarized by its endpoint payoffs yr, = ¢(xp),
yr = ¥(zR), and its length ¢ = zp — x 1, rather than by the absolute coordinates xy,zr. Similarly,
uncertainty beyond the frontier depends on the current frontier payoff and on the relative step
taken beyond it, but not on the frontier’s absolute location.

When X = Ny, assumptions 1 and 2 characterize a random walk. When X = Ry, adding
stochastic continuity implies that W — g is a Lévy process up to the usual cadlag modification.
Brownian motion is the continuous process used in the R&D application.?

'Formally, ¥ is defined on a complete probability space (2, F,P), and the map (z,w) — U, (w) is B(X) ® F-
measurable.

2The indexability result presented below relies solely on the aforementioned properties of conditional indepen-
dence and spatial homogeneity; it does not require sample-path continuity. Consequently, the theorem extends to
discontinuous payoff functions, such as those governed by a Poisson process.
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Figure 1: Examples of stationary-independent-increment payoff landscapes on the two domains
used in the paper: Brownian motion on R, and a random walk on Nj.

2.2 Information Structure

Time is discrete and indexed by ¢t € Ny. Before period 0, the DM observes the payoff at the origin,
¥(0) = Fo. Set (x_1,y—1) = (0,%p). At the beginning of period ¢, a realized history is the ordered
vector hy_1 = ((xs,ys))t:_l, where x5 € X is the location observed in period s and ys = ¥(xg) is
its realized payoff.

The ordered history records the chronology of observations and may contain repeated visits to
the same location. Let

S

Xi1={as:s=-1,...,t—1}

be the finite set of distinct locations observed before period t. The corresponding informational
state is

Si—1 ={(zs,ys) :s=—1,...,t — 1}

Because the payoff landscape is fixed over decision time, revisiting a location reveals the same
payoff and leaves X; 1 and S;_; unchanged.
Since X;_1 is nonempty and finite, the rightmost observed location

Ty = max X1
is well defined. We call zj_; the right frontier, and denote its observed payoft by
Y1 = Y(xi_q).

The right frontier is a spatial boundary and need not be the location with the highest observed
payoff. The associated unexplored tail is

(xj_q1,00)NX.

2.3 Granularity Constraint and Search Policy

We first define the search opportunities generated by a finite observed set X;_1. The set of bounded
unexplored intervals?® is

Ti1 =Z(X¢—1) ={(zp,2R) € X4m1 X X1 12 < xR, Xem1 N (zp,2R) =D, X N (vp,2R) # D}

3Throughout the paper, we use the terms bounded interval and gap interchangeably.



Thus, (x1,zRr) € Z;— if its endpoints are consecutive among the observed locations and the interval
contains at least one feasible unobserved location. The final condition is automatic when X' = R,
but excludes adjacent observed positions when X = Nj.

The feasible action set associated with X;_; is thus

A(Xi—1) = X4 Ui U{(27_1,00)}.

The three action types have the following interpretations:

ar=x € X1 . select a previously observed alternative,
a;r = (rr,zR) € Z—1 : explore the bounded interval between x;, and zp,
ar = (z]_q,00) . explore beyond the right frontier.

An admissible pure search policy is a sequence ¥ = (X;)¢>0 of measurable decision rules such
that, for every feasible history h;_1,

ar = Et(htfl) S A(thl)

for every t > 0.4
The coordinate explored after an action choice is sampled according to the following rule.

Assumption 3. There exist fized families of probability distributions ag(~ ‘ lyr, yR) and Jf(- ‘ y)
governing search within bounded intervals and beyond the frontier, with the following properties.

For every bounded-interval state (¢,yr,yr), Ug((O,é) Nnx ‘ L, yL,yR) =1.Ifay = (zp,zR) €
Ti—1, then a relative displacement

Ay ~a® (- | 6yL,yr)

18 drawn and x; = 11, + Ay.
For every frontier state y", ot ((0,00)NX } y") = 1. If a; = (2", 0), then a relative displacement

Aot (- [)

is drawn and xy = xj_ + Ay

If a = x € Xy_1, then x; = x.

The auziliary randomizations used to generate exploratory draws are independent across periods
and, conditional on the displayed local state, independent of the unresolved payoff landscape.

The pair 0 = (0%, 0') therefore describes the fixed local sampling rules of the environment.
The DM chooses which bounded interval or frontier to explore, but not the exact location sampled
within it. The sampling distribution may depend on the local state of the selected opportunity,
but not on calendar time, on other available opportunities, or on any other feature of the history.

After the period-t location is determined, the payoff y; = () is observed and the state evolves
according to

X = X1 U{a}, S =S U{(x, y0)}-

“4In the stochastic construction used in the proof of Theorem 1, the policy and the granularity constraint introduced
below induce random histories, random observed sets, and informational states. We introduce those random objects
only when they are needed in the proof.

®Formally, 08 and ¢ are Markov kernels. In particular, they are measurable in their conditioning arguments.



Under Assumption 3, every gap or frontier action reveals a previously unobserved location. More-
over, given S;_1 and xy, the selected action is uniquely identified: an old location corresponds to
selection of a known alternative, a new point below the frontier belongs to a unique bounded gap,
and a new point above the frontier corresponds to frontier exploration. It is therefore unnecessary
to record actions separately in the observational history.

The restriction in Assumption 3 is precisely what makes each exploratory opportunity locally
self-contained: once an interval or the frontier is selected, the distribution of the resulting obser-
vation depends only on that opportunity’s local state. This property will allow us to value the
available opportunities separately in the indexability analysis below.

We retain the full class of history-dependent admissible policies. The indexability theorem
below establishes that an optimal policy can be implemented by comparing the local states of the
currently available opportunities.

2.4 Flow Payoffs and the Search Objective

The flow payoff may depend on the nature of the selected alternative: the DM may choose a
previously observed alternative whose payoff is known, or an exploratory opportunity whose payoff
is not yet known. The distinction has a different economic interpretation across applications. In the
R&D application, selecting a known technology means putting it on the market, whereas selecting
a bounded interval or the frontier means developing a new technology, which cannot be marketed
in the same period. Define

Xt = l{CLt S Xt—l}-
Thus, x; = 1 when the decision maker selects a previously observed alternative and x; = 0 when
she selects a bounded gap or the frontier. Since
A(Xi—1) = X1 UZ U{(a7 1, 00)},
we have
1—xt=War € L1 U{(w;_1,0)}}.

Let
u:Rx{0,1} — R

be the measurable flow-utility function, where the second argument records whether the selected
payoff was known before the action was taken. Every exploratory activation incurs the cost ¢ > 0.
The realized period payoff is therefore

re = u(ye, x¢) — (1 — xe)e

The decision maker solves®

V(S_1) = s;pEE"’ Zét(u(yt,Xt) — (1= x0)e)| S|, d€(0,1).
=0

This formulation contains the two applications studied below. In the R&D application,

u(y, X) = XY c>0,

5The expectation is taken with respect to the probability law over search histories induced jointly by the stochastic
payoff landscape, the policy ¥, and the sampling rules o, starting from S_;. The formal stochastic construction is
given in the proof of Theorem 1.



so that operating a known product yields its flow profitability, whereas conducting an R&D exper-
iment yields the current payoff —c.” In the career mobility application,

u(y, x) = v, c=0,

because the worker receives the payoff of the selected occupation in the current period whether or
not that occupation was previously visited.

The following regularity condition allows unbounded payoffs while controlling both total dis-
counted rewards and their distant tails.

Assumption 4. For every reachable finite informational state S,

o
sup B> Zét|rt| S| < oo
z =0
and
o
li E>° 8tre| | S| = 0.
fim, swE| 2 ¥ind

Both suprema are over all admissible continuation policies from S.%

The first requirement ensures that the global value and the values of the single-opportunity de-
scendant problems are finite. The second makes rewards from sufficiently distant periods negligible
uniformly over continuation policies. This uniformity permits the passage from bounded-reward
index results to the unbounded rewards allowed here.

Remark 1. A convenient sufficient condition for Assumption 4 is that, for every reachable finite
state S, there exist constants C's < oo and q > 0 such that

S%p EE’U[|u(yt,Xt)| | S] < Cs(1+1t)1 for every t > 0.

Indeed, for every T >0,

[e.e]
> ol

sup B>
2 t=T

S] < iét[Cs(l + 1)+ ¢].

t=T

The right-hand side is finite at T = 0 and converges to zero aslT — 0o, verifying both requirements.
The RED and career-mobility applications satisfy this condition with ¢ = 1.

2.5 Indexability and Optimal Search

At the beginning of each period, the informational state induces a finite collection of known al-
ternatives and exploratory opportunities. A direct dynamic-programming approach would assign
a value to this entire collection. This is potentially cumbersome because exploring a bounded gap

"The common cost ¢ can be replaced by type-specific or state-dependent costs without affecting the indexability
result, provided those costs depend only on the local state and local realization of the selected opportunity.

8The requirements are imposed at every reachable finite state, rather than only at the initial state. They therefore
also hold for each single-opportunity descendant problem: such a problem can be embedded in a global continuation
problem by following the selected arm and its descendants while ignoring all outside opportunities. The next section
clarifies why such single-opportunity descendant problems are relevant.



or the frontier can generate several descendant opportunities. The number and composition of the
objects entering the global state may therefore grow over time.

The granularity constraint yields a stronger structure. Conditional on the local state of the
selected opportunity, its expected current reward and the distribution of the opportunities that it
generates do not depend on the states of the other available opportunities. Moreover, opportunities
that are not selected remain unchanged. The constraint does not eliminate correlation across nearby
alternatives. It ensures instead that correlation can be contained within the descendant process
generated by the selected opportunity.

This structure is precisely the one exploited by an Open Bandit Process. In an open bandit
problem, the decision maker faces a collection of arms and activates one of them in each period.
Activation produces a current payoff and replaces the selected arm with a random collection of de-
scendant arms, while all unselected arms remain unchanged. In our setting, the correlation among
nearby physical alternatives is absorbed into the descendant process generated by the selected
opportunity: once that opportunity is specified, its payoff and descendants can be described inde-
pendently of the other opportunities currently available. We therefore rewrite the search problem
in open-bandit terms and then apply the corresponding Gittins-index result. The first step is to
associate each available search opportunity with a local arm state.

Local arm states. The actions defined in Section 2.3 identify the physical opportunities currently
available to the DM: a known location, a bounded interval, or the frontier. To represent these
opportunities as arms, we associate each action with a local arm state. The arm state records
the information about that opportunity that determines both its current expected payoff and the
distribution of the opportunities generated when it is explored. It therefore strips away features
such as absolute location and the states of other available opportunities that are irrelevant for the
local evolution of the selected arm. Distinct physical actions may consequently have the same arm
state.

For a known alternative, the local state is simply its observed payoff. For a bounded interval,
it consists of its length and the payoffs at its two endpoints. For the frontier, it is the payoff at the
rightmost observed location. These are the objects to which the Gittins index will eventually be
assigned.

Let

Ly ={xr—xr:2p,2r € X, 1 < xR, (rp,xr) X # &}

denote the set of feasible lengths of bounded gaps. Thus,
Lr, = (0,00), Ly, ={2,3,...}.
The local arm-state space is the disjoint union
Z=2Z,UZ;U2Z,
where
Z,={S(y):yeR}, Z,= {G(f, yr,Yr) L € Lx, (yr,Yr) € RQ} , and Z;={F(y):ycR}.?

The three arm types have the following interpretations. A safe arm S(y) represents an available
alternative whose payoff y is known. A gap arm G(¢, yr, yr) represents a bounded unexplored region

9Each component is endowed with the Borel structure induced by its parameterization, and Z is endowed with
the corresponding disjoint-union o-algebra.

10



of length ¢ whose endpoint payoffs are y;, and yr. A frontier arm F(y) represents the unexplored
tail beyond a right-frontier location whose observed payoff is y.

More precisely, for a given informational state S, define, for every action a € A(X), its associated
local arm state by

S(w(x)), a=z¢€ X,
2(a;8) = { G(zg — x1,¥(xr),¥(zr)), a= (zr,2r) € I(X),
F(w(a,”")), a = (z",00).

The global portfolio of arms induced by S is the finite multiset!?

M(S) = L—ﬂ {z(a;9)}.

acA(X)

For every z € Z, let
R(z)

denote the ezpected one-period payoff from activating an arm in state z. In particular, R(S(y)) =
u(y, 1), whereas for a gap or frontier state, R(z) is the conditional expectation of u(y,0) — ¢ under
the corresponding granularity constraint and posterior distribution.
Let
P(-]2)

denote the probability law of the finite multiset of descendant arms generated when an arm in state
z is activated. A safe arm reproduces itself. A gap arm generates the newly revealed safe arm and
any nonempty sub-gaps created by the observation. A frontier arm generates the newly revealed
safe arm, the new frontier arm, and the intervening bounded gap whenever that gap contains a
feasible unobserved alternative. All arms that are not activated remain unchanged.

Assumptions 1, 2, and 3 imply that both R(z) and P(-|z) depend only on z and the model
primitives. They do not depend on the remaining arms in the global portfolio.

The single-arm descendant problem. The Gittins index assigns a value to each available
opportunity by considering only what can be generated from that opportunity itself. We therefore
isolate the descendant family of a single initial arm and study the best discounted payoff obtainable
before that family is abandoned.
Fix an initial arm state z € Z. To value this arm, consider an auxiliary process that begins
with z as its only available arm:
M?, = {z}.

At local date n > 0, a policy 7 selects one arm 2] € M?_;. The selected arm is removed and
replaced by a random multiset D,, drawn according to P/ ‘ 27

M, = (M}, & {z7}) ¥ Dy,

where © removes one copy of the selected arm.

10 A multiset is a collection in which the same element may appear more than once. This is useful here because
two distinct physical opportunities can share the same local arm state. The symbol [+ denotes multiset union: it
combines the arms associated with all available actions while preserving their multiplicities. Thus, if two different
actions generate the same state z, then M(S) contains two copies of z rather than collapsing them into a single
element.

11



Let II(z) denote the set of admissible policies for this descendant process. Thus, a policy in
I1(2) can select only the initial arm z and arms subsequently generated from it. For each 7 € T1(z),
let T (z,m) denote the set of strictly positive stopping times with respect to the natural filtration
of the descendant process under 7.

The normalized Gittins index of z is!!

EZ

T—1
PBLRACH
n=0

T—1
3
n=0

The numerator is the expected discounted reward obtained from the family generated by z before
that family is retired. The denominator is the expected discounted amount of time allocated to
the same family. Hence I(z) is the highest discounted average payoff attainable by first activating
z, managing only the descendants that it creates, and choosing when to abandon that descendant
process.'?

In particular, outside opportunities do not enter the calculation of I(z). If z is a gap arm,
the safe alternatives located at its two endpoints are not included in M? ;. Those alternatives are
separate safe arms in the global portfolio. The index of the gap includes only the newly revealed
safe arms and sub-gaps generated by experiments conducted inside the gap.

This construction assigns each local arm state a value independently of the rest of the global
portfolio. The next theorem shows that, under the granularity constraint, these single-arm values

are sufficient to solve the original search problem: at every history, it is optimal to select an available
opportunity with the highest index.

I(z) = sup
well(z)
€T (zm) KT

Theorem 1. Under Assumptions 1, 2, 3, and 4, I1(z) is finite for every reachable local arm state
z € Z. Moreover, any admissible policy satisfying, at every history,

a; € arg QEE&:;(?I)I(Z(@; St,l))

s optimal.

The proof, given in Appendix A, first maps the search problem into an Open Bandit Process.
For bounded approximations of the expected reward function R, index optimality follows from
Wu and Zhou [2013, Theorem 3.1].'3 Lemma 5 then extends index optimality to the original,
unbounded rewards problem satisfying Assumption 4.

To see the reduction delivered by the theorem, let m be a finite multiset of available arm states
and let W (m) denote its global continuation value. A direct Bellman equation would take the form

W(m) = max{R(z) + E [W (m e {z}) wD(z))]},

zEm

1\We suppress the dependence of I on the landscape law, the local protocols, the utility and cost functions, and
the discount factor.

12Under Assumptions 1-4, the supremum is attained for every z; see Corollary 2 in Appendix A.

3The index above is a normalized version of the index used by Wu and Zhou [2013]. Indeed, for every positive

stopping time 7,
T—1
1-E[§7] = (1-6)E [Z 5”] .
n=0

Consequently, I(z) equals 1 — § times their index, and the two indices generate the same ranking.

12



where D(z) is the random multiset generated by activating z. Because one arm can generate several
descendants, the cardinality and composition of m are not bounded by a fixed-dimensional state
description.

Theorem 1 eliminates the need to solve this Bellman equation jointly over all finite portfolios.
Each local index I(z) is computed from the single-arm descendant problem, and the global deci-
sion is obtained by comparing the resulting scalar values. The local valuation problem remains
dynamic—the index incorporates all future descendants of the initial arm—but it can be solved
independently of the other opportunities currently available.

Indexability does not imply that the ranking of physical opportunities remains unchanged over
time. An activated arm is replaced by descendants with new local states, and these descendants can
have different indices. The result is that an idle opportunity retains the same index when learning
occurs elsewhere, so the same local index function can be used after every history.

3 Flexible Local Search and the Failure of Indexability

The previous section establishes that fixed local protocols are sufficient for indexability. We now
show that this conclusion need not survive when the DM can choose the sampling location within a
gap as a function of the global state. Even in simple finite random-walk environments, flexible local
search can make both the optimal internal experiment and the ranking of distinct gaps depend on
outside opportunities.

The counterexamples below do not assert that every model with flexible local search is non-
indexable. They establish the narrower result needed here: once the local transition rule can
respond to the global state, the structural separability used in Theorem 1 is no longer guaranteed.

To formally demonstrate this breakdown, we construct counterexamples using a discrete envi-
ronment. We assume the underlying stochastic process is a standard symmetric Random Walk with
Bernoulli increments whose support is {—1,1}. In the first three examples, the decision maker is
risk-neutral, U(y) = y, in the fourth we allow for the utility used in Callander [2011], U(y) = —y>.
To model internal search flexibility, we introduce a relaxed cost function where search cost is zero
if the step size is less than or equal to a boundary k: |x; — x| < k for some z € X;_1, and infinite
otherwise. This setup, with £ > 2, grants the decision maker the choice among multiple interior
points within a gap, contrasting with the baseline model where the sampling distribution is fixed.
In the examples, 6 = 0.99.

In the language of multi-armed bandits, relaxing the granularity constraint transforms the prob-
lem from a standard Open Bandit Process into a Bandit Superprocess [Nash, 1973, Glazebrook,
1982]. In a superprocess, “arms” are themselves Markov Decision Processes. As established in the
literature, such problems are indexable only under restrictive conditions. We present counterexam-
ples demonstrating that locally correlated search with strategic flexibility violates these conditions,
leading to a breakdown of the separability required for index policies.'

3.1 Example 1

14 The following examples are constructed with the help of Mathematica. Observe that the computations performed
with the software are algebraic.
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First, we construct a counterexample where the optimal

internal policy for a gap is non-monotonic in the value 0 ‘2 4

of the outside option, p. p could be interpreted as the

maximum value of the random walk found so far.
Consider a gap with 5 unknown locations, bounded ;

by a known value of 0 on the left and 2 on the right. 3 5

Let the unknown locations be {1,2,3,4,5}. We compare 1 3

the optimal internal choice as p varies. Observe that the o) B

DM is allowed to choose the outside option 1%5. If the

problem were indexable, the DM would assign a fixed 5

“Gittins index” to the gap, and the decision to exploit the 1 3

gap versus the outside option would depend on a simple

comparison. However, we find that the optimal choice of

action within the gap depends on p in a complex, non-

monotonic way:

Regime 1, p = 2.5: When the outside option is low,
the DM prefers Action 4. The relative cost of failure is
low, so the DM maximizes the option value of finding a
high payoff deep in the gap.

1 o 4

Figure 2: The optimal strategy for p = 2.5, 3,
and 3.5, respectively. Nodes are the optimal
Regime 2, p = 3.0: When the outside option increases points to explore, and the edges’ labels from

to an intermediate level, the DM switches to Action 5. each nOdfe t}? down are ﬂ;e corresponding real-
Action 5 offers the highest probability of incrementally 1zation of that point’s value.
exceeding p without the risk of a deep plunge.

Regime 3, p = 3.5: When the outside option is high,

the DM switches back to Action 4. The conservative Ac-

tion 5 cannot mathematically generate a payoff high enough to justify switching away from p. The
DM is forced to accept higher variance (“gambling for resurrection”) because it is the only way to
generate a realization in the tail of the distribution that exceeds p.

3.2 Example 2

Consider now the problem where the DM can select a point in {0,...,9}, or the outside option p.
The outcomes at 0,2, and 9 are known: (0) = ¢(2) = 0 and ¥(9) = —3. As the picture shows,
the right interval is chosen when the outside option is low or high, while the left interval is chosen
when the outside option is intermediate. From the middle tree, we can observe where the free
internal choice breaks indexability: when the DM chooses point 1 (left interval), he subsequently
explores the right interval following any outcome realization; however, he chooses point 4 after a
bad realization and point 3 after a good outcome.
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1 4 4 3 -1 1
-1 1 0 2 20 2 -1 1
4 1 3 4 p 3 4 1 4 0 4
-2 0 -1 1 0 2
0,02 5 5 3 (1,3 4 0 2
-1 1 -1 1
{0,0,2,4} 5 14 5 {o, 3} 4

Figure 3: The optimal strategy for p = 0,0.5, and 1, respectively. Nodes are the optimal points to explore, and the
edges’ labels from each node to down are the corresponding realization of that point’s value.

3.3 Example 3

In this example we consider the choice between points in {0, ..., 12}, without an external outside
option. It is as if the DM has explored the frontier and the outcomes at 13,14, --- realized to
be extremely bad. The DM knows that ¥(0) = ¢(2) = ¥(4) = 0, and that ¥(12) = —4. We
compare two cases: one where ¢(1) = —1 and another where (1) is not known. In these cases,
the maximum number found so far is the same, but in the first case, the DM chooses to fill the
narrow gap between 4 and 12, and in the second case, the DM chooses to fill the wide gap. So, the
decision between the wide gap and the narrow gap depends not only on the maximum found so far,
but also on the number of available narrow gaps suggesting that there is little hope for qualitative
results without indexability.

3 5
-1 1 -1
3 6
6 5
-1 1 0 2
20 2 -1 1 7 3 G
0,24 5 6 3 6 -1 1
-1 1 0 2 6 1
20
7 5 (3,50 6
{0,2,4) 7
71 1 -1 1
{0,2,4,6) 7 {0,2,4,6) 7

Figure 4: The optimal strategy when (1) = —1 (left), and when (1) is unknown (right). Nodes are the optimal
points to explore, and the edges’ labels from each node to down are the corresponding realization of that point’s
value.

3.4 Example 4

Consider now the choice betwenn points in {0, ...,9} and the outside utility p when ¢ (0) = ¢(2) =
3, (9) = 6, and U(y) = —y?. This example shows that the instability of the ranking between
different intervals is not due to risk neutrality.
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2 4 2 4
2 4 3 4 4 1
2 4 173 5 13 2 4
4 1 4 1 4 3 o 4 3 1 4
13 2 4 3 5
1 3 2 4 4 (1,3 3 5 5 {0, 0,2}
2 4 2 4
4 3 1 o 5 o 5  {p.0,2 4}

Figure 5: The optimal strategy for p = —5,—7 and —9, respectively. Nodes are the optimal points to explore, and
the edges’ labels from each node to down are the corresponding realization of that point’s value.

4 R&D Before Market Entry

We now specialize the general framework to the R&D problem of a startup before market entry. The
search domain is X = R, and each location x € R represents a potential product or technology.
Its flow profitability is

U, =90+ pux + oWy, o >0,

where W = {W, : = > 0} is a standard Brownian motion. The startup knows the parameters
(1, 0) and the initial profitability gy, but not the realized profitability landscape ¥ (z) = ¥, (w).
Developing a product reveals its profitability permanently.

We retain the informational state S;_1, the set of developed products X;_1, and the action set
A(X;_1) defined in the general model. The three action types now have the following economic
interpretations. Selecting x € X;_1 means putting a previously developed product on the market.
Selecting an interval (zr,zr) € Z;—1 means funding an R&D project that combines the technologies
developed at zj, and xp. Selecting (z]_;,00) means funding research beyond the most innovative
technology developed so far.

This distinction separates two forms of R&D. Frontier research moves into a new technological
direction and remains exposed to the drift y of the profitability landscape. Recombination instead
takes place between two realized technological anchors. Conditional on their observed profitabilities,
the unresolved landscape between them is a Brownian bridge: its distribution depends on the
endpoint profitabilities and their technological distance, but not on the drift accumulated before
those endpoints were observed.

Every R&D experiment costs ¢ > 0. The startup cannot develop a prototype and market
it in the same period. In the notation of the general model, the application therefore imposes
u(y, x) = xy. The period payoff is

Tt = XtYt — (1 - Xt)& Xt = 1{at € thl},

51] |

Here and below, expectations incorporate both the Brownian prior and the fixed gap and frontier
protocols specified in the next subsection.

and the startup solves

V(S_y) = sgp E> Z&t (xtye — (1 — x¢)e)
t=0
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Market-entry interpretation. For an informational state S, define the profitability of the best
developed product by
m(S) = max{y : (x,y) € S}.

A known product with profitability y is represented by the safe arm S(y), whose normalized Gittins
index is [ (S(y)) = y. Operating this arm yields y, reveals no information, and reproduces the
same arm. Moreover, all unselected opportunities remain unchanged. Hence, if a known product is
optimal at some history, it remains optimal after it is selected. There is therefore an optimal policy
under which the first selection of a known product is absorbing: the startup puts that product on
the market and operates it forever.

The repeated-action formulation is consequently equivalent to an optimal market-entry problem.
If 7 denotes the first period in which a known product is selected and

a = (at)t<7'a ar €21 U {(36:_1, OO)},

51] |

The terminal term is understood to be zero on the event {7 = co}. Thus, selecting a safe arm in
the flow formulation is equivalent to stopping R&D and launching the best product developed by
that date.

denotes the pre-entry R&D policy, then

T—1
V(S-1) =supE“ fcz 5+ (le(ST&l)
T, t=0 -

4.1 Research Protocols

The economic force behind the granularity constraint in this application is imperfect control. A
startup can decide which broad research direction to pursue, but it cannot perfectly choose the
exact prototype that will emerge from the R&D process. For example, management may choose to
combine two existing technologies, but the precise technological design generated by the research
team depends on scientific and engineering frictions. Similarly, the startup may choose to push
the technological frontier in an attempt to develop a radical innovation. However, how much
innovative the new technology will be depends on the unpredictable nature of basic research and
the fundamental limits of the underlying science.

The general model allows the sampling kernel of an exploratory opportunity to depend on its
local state. In the R&D application, we impose a more specific structure.

Assumption 5. There exists a probability measure F' on [0, 1] satisfying F'((0,1)) =1 and
UL1-U  forU~F

such that if the startup selects the interval (xr,xR), with ¢ = xr — x1,, then the new prototype is
developed at
x =xp + U, Ug ~ F.

Note that assumption 5 implies that the distribution determining the location sampled inside
an interval scales linearly with length, and is independent of the profitability of the technologies at
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the boundaries of the interval.!> Within the class of protocols that are not responsive to boundary
profitability, the symmetry condition is the natural benchmark. A fixed asymmetric distribution
would mechanically privilege one side of a bounded interval over the other, even though the labels
“left” and “right” have no intrinsic economic content. Symmetry simply rules out this arbitrary
directional bias.

Economically, this captures the idea that skewing the distribution of a single prototype toward
a desired endpoint is costly. A research team operating over a short time interval may have limited
control over the precise design that emerges from a fixed experimental routine. To move system-
atically toward a more profitable technology, the firm must instead iterate: develop a prototype,
observe its payoff, update the set of available gaps, and decide whether to continue in the newly
created region. This form of steering is costly because each iteration incurs the R&D cost ¢ and
takes time, so it discounts future market payoffs. The fixed protocol F' therefore represents short-
run imperfect control, while the index policy captures the firm’s long-run ability to direct research
by repeatedly reallocating effort toward the most valuable descendants.

Assumption 6. There exists a probability measure G on [0,00) satisfying
G(0,00)) =1  and / AG(A) <
(0,00)

such that if the startup expands the frontier from location xy_;, then
xp =xp_q + Ay, Ay~ G.
Moreover, arbitrarily small and arbitrarily large frontier steps occur with positive probability:
G((0,€)) >0 for every e > 0, and G((M,00)) >0 for every M > 0.

The distribution G is the frontier analogue of the fixed protocol F' used for bounded gaps. It
captures the idea that, when the startup funds basic research, it can decide to push the frontier but
cannot perfectly choose the magnitude of the technological jump. Under these research protocols,
the finite first moment of G yields a bound on expected absolute profitability that grows at most
linearly in the number of subsequent periods.. Appendix B.1 establishes this bound. It follows that
both requirements of Assumption 4 are satisfied by Remark 1. The support conditions allow both
incremental and radical discoveries to occur with positive probability.

4.2 Initialization

Before the first R&D experiment, the startup has developed only the product at the origin. The
initial portfolio therefore consists of the safe arm S(7g) and the frontier arm F(gg). There are no
bounded recombination opportunities at this stage.

To state the condition under which the startup begins by conducting R&D, consider the single-
arm descendant process initiated by F(0). For an admissible policy 7 and stopping time 7, let

Xn = 1{z; € Z}

15 Assumption 5 should not be interpreted as saying that the firm ignores profitability information. Rather, it
separates two margins of control. At the one-period implementation margin, the firm can choose the broad pair of
technologies to combine, but it cannot finely tailor the exact prototype generated by the research process. Conditional
on choosing the interval (zr,zr), the relative location U is drawn from a fixed protocol F'. At the dynamic allocation
margin, however, the firm remains fully responsive to payoff information. After each prototype is developed, the
original interval is replaced by descendant intervals and a new safe product. The firm then compares the indices of
these descendants and decides where to continue. Thus, profitability information tilts the realized R&D path through
continuation choices rather than through the one-shot sampling kernel.
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indicate that the descendant selected at local date n is a safe arm. When xI' = 1, write 2} = S(y7),
where y;r is the safe payoff measured relative to the initial frontier payoff. The value of ¥y is
immaterial when xJ = 0.

Define the gross productivity of a research program initiated at the frontier by

7—1
Z 5”><2@7{]
Z 5n 7r ]

The numerator is the expected discounted incremental profitability obtained from safe products
generated by the research program. The denominator is the expected discounted number of R&D
activations within that program. Importantly, the program includes not only subsequent frontier
experiments, but also any recombination projects generated by frontier discoveries. The quantity
kT therefore depends on both research protocols F' and G.

Define the initial-profitability cutoff

E§

HF(,u,O', F,G,0) = sup
weII(F(0))
reT(F(0),m) Ef

kF(u,a, F,G,c,0) = K,F(M,O', F,G,0) —c.
Assumption 7. The initial product satisfies
7o < k' (p, 0, F, G, ¢, ).

Appendix B.2 shows that 0 < &' (u, 0, F, G, ¢,§) < oo and that Assumption 7 is necessary and
sufficient for frontier expansion to be uniquely optimal at date 0. At equality, frontier expansion
and immediate market entry are both optimal; above the cutoff, immediate market entry is uniquely
optimal. We impose the strict inequality because our interest is in the dynamics of the research
process after it has begun.

The condition has a direct economic interpretation. Relative to commercializing the initial
product, every period devoted to R&D entails the direct cost ¢ and forgoes the current profit go.
Thus, §o + ¢ is the effective cost of allocating one period to research. The quantity % is the
highest discounted incremental profitability that the frontier research technology can generate per
discounted R&D period. Assumption 7 requires the productivity of the research program to exceed
this effective cost:

Jo +c < k' (u,0,F,G,9).

Because k" does not depend on the direct cost ¢, the initial profitability cutoff decreases one-
for-one with that cost, so that:
okt
dc
A higher R&D cost therefore reduces by exactly the same amount the maximum profitability of
the initial product for which experimentation is optimal.

=—1.

4.3 R&D after a Frontier Discovery

Under assumption 7, it is optimal to start the R&D process and postpone market entry. The unique
R&D opportunity initially available is frontier expansion. So, this section studies what follows a
frontier discovery.
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Consider an informational state S = {(z,v¢(z)) : * € X}, and suppose that the startup selects
the frontier opportunity (z",00). Let y = ¥ (z") be the profitability of the product at the old
frontier, and define

= max I(z(a; S
7= acaci\ (G oo (+(e:9)
as the highest index among all opportunities available before the experiment other than the selected
frontier arm. Since the product at the old frontier remains available as a safe arm, we have p > y.
Frontier research produces a step A > 0 and a new product with profitability

Y =y+pA+oVAce, e ~N(0,1).

The experiment replaces the old frontier arm by

{S), F(¥'), G(A,y,")} .

All other opportunities remain unchanged. For notational convenience, throughout the remainder
of this section we write I8P (¢, yr,yr) = I(G(E,yL,yR)) for the index of a recombination project
and IT™nt(y) = I(F(y)) for the index of frontier research. We suppress their dependence on the
research protocols and the remaining model primitives.

By Theorem 1, the startup’s next decision is therefore determined by the four scalar values p, 3/,
Ifront (/) and I8%P (A, y, ). Thus, the selected frontier arm is summarized by its old profitability y,
while the entire collection of other pre-existing opportunities enters the post-discovery decision only
through its highest index p. Proposition 1 presents the dynamics that follows frontier expansion.
A short economic interpretation of the proposition concludes the section.

Proposition 1 (R&D after a frontier discovery). Fiz the old frontier profitability y, the highest
pre-ezisting indez p, and a realized frontier experiment (A,y').

(i) Market entry after a valuable discovery. There exists a finite threshold G¥ (A, y, p) such
that the newly developed product is optimal if and only if

v > 77 (Ay,p).
If the inequality is strict, immediate market entry is uniquely optimal.

(ii) Return to pre-existing projects. Suppose p > —c. There exists a finite thresholdgF(A, Y, p)
such that an opportunity from the pre-existing portfolio is optimal if and only if

y <yF(Ay,p).

If the inequality is strict, every opportunity generated by the new frontier branch has index
strictly below p. Moreover,

y (A y,p) <TT(A, Y, p).

(iii) Frontier continuation. Suppose that frontier research was strictly optimal before the ex-
periment, that is, Ifm“t(y) > p. Then there exist n > 0 and A > 0 such that the new frontier
arm is uniquely optimal whenever

0<A<A and Iy —yl <n.

Under Assumption 6, this region is reached with positive probability.
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(iv) Technological-distance cutoff for recombination. For every fized (y,y',p), define

AF(y,y/, p) = inf {E >0:I8P(4,y,y') > max {p, Y, If“’“t(y’)}} :

Then
0< A" (y,y',p) < oo

Furthermore,
A > Ay, p) = G(A,y,y') is uniquely optimal.

Part (i) is an opportunity-cost-of-delay result. A higher realization gy’ raises the value of the
new product one-for-one. It also raises the values of the new frontier and the new recombination
project, but those alternatives require at least one additional period of R&D. Their indices therefore
rise by at most ¢ for each unit increase in y’. Once the new product is profitable enough to justify
market entry, every still more profitable realization also induces entry.

Part (ii) describes the opposite tail. Asy’ becomes very low, the new product becomes unattrac-
tive, the new frontier index converges to —c, and the newly created gap is pulled down by its bad
endpoint. Its index also converges to —c.'6 Hence, whenever the startup has a pre-existing oppor-
tunity with index strictly above —c, a sufficiently poor frontier discovery causes it to abandon the
new branch and return to an older product or research project.

Between these tails, continued R&D within the new branch can be optimal. Part (iii) establishes
that this region is nonempty whenever frontier research was strictly optimal before the experiment.
An incremental discovery that leaves profitability close to its previous level preserves the value of
continued frontier research, while creating only a short recombination project.

Part (iv) isolates the role of technological distance. Conditional on (y, %/, p), the indices of the old
portfolio, the new product, and the new frontier do not depend on A. Only the index of the newly
created gap does. A vanishingly short gap does not justify paying the R&D cost and delaying market
entry, which gives A (y,1/,p) > 0. As technological distance grows, Brownian-bridge dispersion
and the associated option value grow without bound, which gives A (y,1/,p) < c0.'” Part (iv)
also implies that whenever

17"(y') > max{p, y'},

the research direction followed after frontier exploration depends on the technological distance
between the previous frontier and the technology just developed: incremental discoveries sustain
frontier momentum, whereas sufficiently distant discoveries induce the startup to turn back and
develop the technological region that the discovery has left unexplored.

6 Even though the newly created gap is still anchored on the old frontier payoff 3, the firm cannot costlessly choose
a prototype arbitrarily close to that good endpoint. Under the fixed sampling protocol, every R&D attempt produces
an interior point. When ¢’ is very low, interior products are pulled down by the bad endpoint unless they happen to
lie extremely close to the old technology. Reaching such points requires repeated experimentation, and each iteration
costs ¢ and is discounted. As y’ goes to —oo, the option value of this newly created gap therefore vanishes, and its
index converges to the value of try once and retire, namely —c.

"This conditional comparison should not be read as assigning separate roles to profitability and technological
distance. The thresholds in parts (i) and (ii) depend on A, because a larger step changes the value of the recombination
opportunity generated by the discovery. Conversely, AF (y,y', p) depends on y', because the realized profitability
affects the new product, the new frontier, and the newly created gap. Post-discovery R&D is therefore determined
jointly by the economic value and the technological location of the discovery. The proposition characterizes two
conditional slices of this joint decision problem: variation in 3" holding A fixed, and variation in A holding 3’ fixed.
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4.4 R&D after a Recombination Experiment

We next characterize the evolution of R&D after the startup combines two previously developed
technologies. Consider a realized informational state S = {(z,%(x)) : z € X}, and suppose that
the startup selects the gap (zr,zr) € Z(X). Write

{=xp—xr, yr = Y(xr), Yr = Y(TR).

Let

= max I(z(a; S
P a€AX)\{(zL,zr)} (( ))

be the highest index among all opportunities available before the experiment other than the selected
gap.

The two endpoint products and the technological frontier remain available after the experiment.
Hence p > max{yr,yr} and p > —c. Suppose that the recombination protocol draws the relative
location u € (0,1) and that the resulting prototype has profitability yas. The root gap is replaced
by

{S(ynr), G(ul,yr,ynr), G((L —u)l,ynr,yr)} -
For a generic prototype profitability p € R, define the indices of the left and right descendant
projects by
Ji(p) =¥ (ul,yr,p)  and  Jr(p) = IFP((1 - w)l,p, yr).

At the realized state, the startup therefore compares p, yar, Jr(yar), and Jr(yar).
Proposition 2 (R&D after a recombination experiment). Fiz (u,yr,yr,p).

(i) Profitability thresholds. In addition, fix also £. Then, there exist unique finite thresholds

rec

Yy =y"(l,u,yL, YR, p) and G =yl u,yr, YR, p)

satisfying

yrec S yreC’ p = max {yrec7 JL(grec)7 JR(yrec)} , and grec — max{p, JL(grec)7 JR(grec)} .

such that the post-experiment policy has the following form:

ym <y’ = every newly generated opportunity has index below p,
Yy <ym <y" = max{Jr(ym), Jr(ym)} > max{p,yr},
ym >y = ym > max{p, Jr(ym), Jr(ym)}
Thus, a sufficiently poor prototype causes the startup to return to its pre-existing portfolio; an

intermediate prototype induces further recombination in one of the two descendant regions;
and a sufficiently profitable prototype induces market entry.

At yn = y**¢, an opportunity attaining p is weakly optimal. At yp =y ™, commercialization
is weakly optimal. The strict continuation region is nonempty if and only if y ¢ < y*c.

(ii) Technological-span cutoff. In addition, fix also ypr and, for every hypothetical root length
A >0, define

K(X\) = max {I®*P(u, yr, yar), I8P (1 — w) N\, ym, yr) } and M =max{p,yn}-
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Define
(u, yar, YL, yr, p) = inf {A > 0: K(\) > M}.

Then
0< Erec(u7yM7yLayR7p) < 00.

Moreover,
0> 0% = max{Jr(ynm), Jr(yn)} > max{p,ynr}.

Hence, holding fized the prototype’s relative location and profitability, a sufficiently wide orig-
inal technological gap necessarily induces another round of recombination.

Proposition 2 shows that recombination need not be a one-shot experiment. For fixed project
geometry and a fixed pre-existing portfolio, the realized profitability of the prototype orders the
firm’s next decision. A sufficiently poor prototype causes the firm to abandon the descendants of
the selected gap and return to an older opportunity. An intermediate prototype makes one of the
two descendant regions more valuable than both the outside portfolio and immediate market entry,
inducing another round of recombination. A sufficiently profitable prototype instead ends the R&D
process through commercialization.

The profitability thresholds depend on the length and endpoint profitabilities of the original
gap and on the prototype’s relative location. The realized payoff and the geometry of the project
therefore remain intertwined. Part (ii) holds the prototype realization and its relative location
fixed and isolates the amount of technological space left after the experiment. A narrow original
gap may be largely exhausted by the first prototype, so that neither descendant justifies another
costly R&D round. A sufficiently wide gap leaves enough unresolved technological variation for
at least one descendant project to dominate both market entry and the pre-existing portfolio.
Recombination can therefore initiate an endogenous phase of local refinement, but it need not do
so after every experiment.

4.5 Empirical Interpretation and Predictions

The endogenous movement between frontier expansion and recombination provides a mechanism
consistent with the phased search process documented by Randle and Pisano [2021]. They find
that firms producing breakthrough inventions initially explore unfamiliar technological terrain and
subsequently shift toward exploiting the knowledge accumulated during that exploration. In their
terminology, exploitation means a more focused use of accumulated knowledge and therefore cor-
responds most closely to recombination in our model, rather than necessarily to market entry. The
evidence establishes the phased pattern, but does not identify the threshold mechanism developed
here. In the model, outward research creates technological anchors, and the regions between these
anchors can later become more valuable than another frontier experiment.

A second empirical connection concerns the recombinant uncertainty documented by Fleming
[2001]. Fleming studies inventions as combinations of technological components and shows that
experimentation with unfamiliar components and new component combinations is associated with
a distinctive risk—return pattern: such inventions are less useful on average, but their outcomes
are also more dispersed, generating both more failures and a greater possibility of breakthroughs.
In our model, technological distance and heterogeneity between the technologies being combined
provide two natural counterparts to this notion of unfamiliarity.

The model generates the dispersion effect directly. Let

YL + Yr

Y= 9 S=YR —YL-
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The profitability of the first prototype developed inside a gap can be written as

Y=01-U)yr,+Uyr+0o/U1—-U)e, e~N(0,1).

Under the symmetric protocol,
ElY | £,5.s] =7,

whereas

Var(Y | £,7,s) = s> Var(U) + e 2 E[U(1 — U)].

Hence technological distance £ increases the dispersion of research outcomes. It raises both downside
and upside risk, closely mirroring Fleming’s recombinant-uncertainty mechanism.

There is, however, an important distinction. In the model, greater distance does not mechani-
cally reduce the expected profitability of a given project: holding its endpoint profitabilities fixed,

ElY | 4,9,s] =17

for every £. The negative relationship between unfamiliarity and average usefulness documented
by Fleming can instead arise endogenously through project selection.

To see this, fix an index p > —c representing the value of the best alternative available to the
firm, and fix an endpoint difference s > 0. Define the minimum average endpoint profitability that
makes a recombination project competitive with this alternative:

S _ S
7ay+7> Zp}

g*(£,£;P)Einf{ngR:Igap (£,§—2 :

Because the gap index is weakly increasing in technological distance and strictly increasing in
average endpoint profitability,'®

62 Zﬁl — g*(EQaS;p) Sg*(ebsvp)

Thus, a technologically more distant project can be worth undertaking even when the average prof-
itability of its endpoint technologies—and hence the expected profitability of its first prototype—is
lower. The reason is that the additional dispersion created by distance carries option value: the
firm can abandon an unfavorable realization but preserve and build on a favorable one.

The connection to Fleming is consequently twofold. First, the model directly reproduces the
greater outcome dispersion associated with less familiar combinations. Second, it provides a selec-
tion mechanism through which the projects actually undertaken can display lower average usefulness
as unfamiliarity rises, even though unfamiliarity does not lower the conditional mean of any fixed
project.

The threshold results generate two sharper predictions. First, conditional on the old frontier
payoff, the realized value of the new invention, and the firm’s pre-existing portfolio, the probability
of follow-on recombination should display a threshold-like increase in the technological distance
of a frontier invention. Second, after a recombination experiment, conditional on the prototype’s
value, its relative location, and the parent technologies’ values, a wider original technological span
should be more likely to generate another round of recombination rather than commercialization
or a return to an old project.

These predictions can be taken to patent or project-level data. Text-based similarity measures in
the spirit of Kelly et al. [2021] can be used to measure a discovery’s distance from the firm’s existing
knowledge and the proximity of subsequent inventions to the old and new technological anchors.

8 Lemma 10 part (ii) and (i), respectively.
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For public firms, the patent-value estimates of Kogan et al. [2017] provide one possible proxy for
the economic value of discoveries. The model calls for within-firm tests that condition on the pre-
discovery portfolio and distinguish same-firm follow-on research from immediate commercialization
or project termination.

5 Career Mobility with Correlated Jobs

5.1 The Worker’s Career-Search Problem

We close the paper with a simple application to career mobility. The purpose of the application is
to isolate how correlation across jobs affects a worker’s search policy. Whereas the R&D application
uses a continuous Brownian landscape to study how discoveries redirect innovation, here we use a
discrete occupational landscape: the occupational domain is X = Ny.' This allows us to fully solve
for the worker’s optimal policy and to compare that with the optimal behavior in an environment
that preserves the marginal distribution of match quality at every occupation, but removes all
correlation across occupations.

The worker searches across occupations that differ in their task and skill content. Because
closely related jobs require similar human capital, a worker’s match quality in one occupation
informs her match quality in adjacent ones. We capture this informational spillover by modeling
the payoff process as a symmetric random walk

n
\I’n = E €j,
j=1

where !
P(Ej = 1) = ]P’(Ej = —1) = 5

and the increments (g;);>1 are mutually independent. All occupational positions therefore have the
same expected match quality. Positions differ in their marginal dispersion, while nearby positions
are correlated because they share a common sequence of occupational increments.?°

We retain the history h;_1, the observed set X;_1, and the informational state S;_1 defined in
Section 2, relabeling the period-¢ location x; as the occupational choice n;. Thus,

St—l = {(n, yn) nc Xt—1}7 X 1= {0}

The occupation-indexed variable vy, is the observed match at position n; the worker’s period-t
payoff is y,.

At the beginning of period t, the worker chooses one feasible occupation using only the informa-
tion in A;_1. If the occupation has not been tried previously, its match quality is revealed after the
choice. The worker spends the current period in the selected occupation and receives its realized
payoff. Hence, she cannot inspect a new job, observe a poor match, and return to a known job
before the current-period payoff is received. Returning to a previously tried occupation reveals no
new information. In the notation of the general model, the career application imposes

u(y, x) = v, c=0.

Thus, the worker receives the match payoff of the selected occupation whether or not that payoff
was known before the choice, and trying new jobs is not costly.

19Since locations are restricted to the natural numbers, we denote them by n rather than x throughout this section.
2OMore precisely, for every n, k € No, E[¥,] = 0, Var(¥,,) = n, and Cov(¥,, ¥;) = min{n, k}.
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Career mobility is also local. Experience in a job makes nearby jobs accessible, but does not
allow the worker to move immediately to arbitrarily distant parts of the occupational space. Jobs
therefore have a dual role: they generate a current match payoff and act as stepping stones that
expand the set of occupations the worker can reach in the future. For a finite set of previously tried
occupations X C Ny, the set of feasible occupations is

C(X)= Np : mi —jl <253,
(0= {we N migla -l <2}

An untried occupation becomes feasible only when it lies within two positions of a job the worker
has already held. The worker may remain at or return to any previously tried occupation.

This constraint is a reduced-form stepping-stone friction. Experience in a job both reveals the
worker’s match at that position and provides access to nearby jobs. Initially,

C(X_1) =1{0,1,2}.

If the worker moves directly from position 0 to position 2, then positions 3 and 4 become feasible in
the following period, while position 1 remains available as an untried job behind the career frontier.
This interaction between learning and access creates a dynamic career problem. A worker may move
outward into jobs that use increasingly different skills, leaving some nearby occupations untried
while the career frontier remains attractive. If match quality later deteriorates, those skipped jobs
can become valuable lateral options because their expected quality is informed by the worker’s
earlier experience.
A pure career policy is a sequence
a = (Oét)tzo

of measurable decision rules satisfying
ng = ap(hi—1) € C(X¢-1)

for every t > 0. Let 2A(S) denote the set of admissible continuation policies from a realized
informational state S. The worker’s continuation value is

> 5y, | S] .

t=0

Ve(S)= sup E®
acd(S)

The objective is well defined. Starting from the initial state, the mobility constraint gives n; <
2(t+1), while the support of the random walk gives |yy,,| < n;. Consequently, under every admissible
policy,

N [e.9] o0 2
t=0 t=0

The same argument, with the current frontier added to the bound, applies after every reachable
finite history. Assumption 4 is therefore satisfied.

5.2 Endogenous Granularity and Local Career Indices

From now on, unless it creates ambiguity, we suppress the time index and the dependence on the
informational state S. Before proceeding with the analysis, we establish the following notation.
Define the career frontier and its match quality, respectively, by

r = max X, Y= Yy
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Define the best match observed so far and the set of occupations attaining that payoff by

= B = cX: = .
m = MAX yn, {n Yn = m}

Finally, let the frontier drawdown be denoted by
d=y—m<0.
The set of untried one-position gaps behind the frontier is

n¢ X,
H=neN: n—-1¢eX,
n+leX

Among these gaps, define
gE{TLEH:yn—IZyn-ﬁ-l:m}a 9519\-

A position in G is an untried occupation between two jobs that both attain the worker’s best
observed match. Its payoff is m 4+ 1 or m — 1 with equal probability. Such a position is therefore a
latent lateral option: success improves the worker’s fallback, while failure leaves the best previously
observed job available.

Endogenous Granularity Constraint The local mobility constraint permits two ways to ex-
pand the career frontier: both r + 1 and r + 2 are feasible and untried. For k € {1,2}, define the
maximum value achievable by first expanding the frontier by k steps:

i&tym | S] )

t=0

Qr(S) = sup E?
acA(S)
no=r+k

The two moves have the same expected current payoff. However, the two-position realization is
a mean-preserving spread of the one-position realization. So, it has a larger option value. It also
advances the feasible frontier farther and leaves the intermediate occupation available for future
search. It is then easy to see that the worker weakly prefers to expand the frontier as much as
possible. The following lemma formalizes this statement.

Lemma 1. At every reachable informational state S,
Q2(S) = Q1(9).

Consequently, there exists an optimal policy under which every frontier expansion moves exactly
two positions to the right. We select the two-position move whenever the worker is indifferent.

The proof couples the one- and two-position experiments as a martingale and uses convexity of
the continuation value in the newly observed frontier match. The worker can ignore the additional
midpoint opportunity created by the two-position move, so the larger opportunity set cannot lower
continuation value.

Lemma 1 endogenously fixes the frontier protocol. Starting from position zero, frontier expan-
sion visits the even positions

0,2,4,....
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Each frontier experiment leaves an interval of length two behind it, whose only interior position is its
midpoint. Thus, on the path of the selected optimal policy, both local protocols are deterministic:

frontier step = 2, gap displacement = 1.

There is no remaining choice over where to search within a bounded gap or how far to move when
the frontier is selected. The career problem therefore satisfies the granularity constraint of the
general model.

Career Indices. For every reachable match value v € Z, introduce the shorthand
Sy = S(v), Gy, = G(2,v,v), Fo, = F(v).

A safe arm S, represents a previously identified job with match quality v. It yields current
payoff v and reproduces itself:

R(S,) =v, Sy, — {S,}.

A gap arm G, represents the unique untried midpoint between two occupations, two positions
apart, both with match quality v. Its expected current reward is v, and activation reveals v + 1 or
v — 1 with equal probability:

Syt with probability 1/2,
RG)=v, G, — vtk v 1
{Sy—1}, with probability 1/2.

No descendant gap remains because each resulting subinterval has length one.

A frontier arm F, represents a two-position expansion from a frontier whose current match is
v. Its expected current reward is also v. The new frontier match equals v + 2, v, or v — 2 with
probabilities 1/4, 1/2, and 1/4, respectively. The corresponding descendant laws are

{Sv+2,Sv+1, Fut2}, with probability 1/4,
R(F,) = v, Fo — ¢ {Sv, Gy, Fu}, with probability 1/2,
{Sv—2,Su-1,Fy—2}, with probability 1/4.

In the first and third branches, the two random-walk increments are identified from their sum. The
midpoint payoff is therefore known with certainty even though the worker has not previously held
that job, and it is represented as a safe opportunity. In the middle branch, the two endpoints have
the same payoff and the midpoint remains uncertain, producing the gap arm G,. Opportunities
that were available before the frontier experiment remain unchanged and are omitted from the
display.

For the three career-arm indices, write

B)=1(S,), %) =1(G,), I"(v)=I(F,).
The following lemma describes the index of each career opportunity.
Lemma 2. There exist finite constants
tg = tg(0) and tp = tp(0)
such that, for every reachable v € Z,
Bw)y=v, IW)=v41q, tq= %_5, and I¥(v) = v+ 1p.

Moreover,
O0<ig<1 and LE > G-

28



The intuition behind the lemma is the following. Vertical translation increases the payoff from
every activation, including the initial exploratory activation, by the same amount. Hence, each
career index shifts one-for-one with v. This differs from the R&D application, where an exploratory
activation yields the fixed payoff —c¢ and a payoff translation can affect rewards only through later
safe-arm activations.

The gap constant is available in closed form because a gap creates only one safe descendant.
Following the realization v + 1, it is optimal in the single-gap problem to retain that safe arm;
following v — 1, it is optimal to retire the gap family. The frontier has a strictly larger index at
the same current match: it offers a larger upper tail, creates additional frontier opportunities, and
may generate a latent midpoint option.

The index formulas also identify which parts of the complete career history remain relevant.

Corollary 1. At every state reachable under the policy selected in Lemma 1, the worker may
restrict attention, without loss of optimality, to the multiset

SmyFnyma---aGm 9
~——

g copies

where the gap arms are omitted when g = 0. Consequently, the optimal action is determined by
comparing
m, Y+ L, m+tg when g > 0.

To see the reduction, first note that every previously tried occupation with payoff below m
is dominated by a safe occupation attaining m. Next consider an untried midpoint behind the
frontier. If its endpoint payoffs differ by two, its payoff is known and lies below the larger endpoint.
If its endpoints both equal some v < m, then

I)=v41g<v+1<m,

where the strict inequality uses t¢ < 1. The only uncertain midpoint that can outrank the best
known occupation is therefore one whose two endpoints both attain the current maximum.

The number of such gaps affects the worker’s continuation value, because failed lateral exper-
iments can be followed by exploration of additional gaps. It does not affect the current action
comparison since every available maximal gap has the same local index m + v¢.

Notice that at the initial state, m =y = 0, and g = 0. Since

I¥(0) = vp > 0 = I15(0),

frontier expansion is uniquely optimal, and the tie-breaking rule in Lemma 1 sends the worker to
position 2.

The next subsection uses the three indices in Corollary 1 to characterize the correlated career
policy as a threshold rule in the frontier drawdown d. We then compare this policy with an
independent-marginal benchmark that preserves the distribution of ¥,, at every position while
removing the information that jobs provide about one another.

5.3 The Optimal Career Policy

Corollary 1 reduces the worker’s decision to a comparison among three indices: the best known
occupation has index m, the career frontier has index y + ¢tp, and, whenever g > 0, each maximal
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gap has index m + 1g. Because all three indices shift one-for-one with match quality, their ranking
depends on the frontier only through the drawdown d.

We adopt the following tie-breaking convention. An equality between the best safe occupation
and the frontier is resolved in favor of settlement. An equality between a maximal gap and the
frontier is resolved in favor of the lateral experiment. Define

d=max{d€Z:d+ip <0} = |—tp]

and
d"=max{d€Z:d+ir <i1g} = |tc¢ —tF] .

The first threshold is the largest frontier drawdown at which the best known occupation weakly
dominates further outward search. The second is the largest drawdown at which a maximal gap
weakly dominates the frontier. The next proposition characterizes the optimal career policy.

Proposition 3 (Optimal career policy under correlation). An optimal occupation choice satisfies

B, g=0andd<d,
n*e€<g, g>0 andd < d*,
{r+2}, otherwise.

Thus, the worker settles at a previously observed best match when the frontier is sufficiently poor and

no mazximal gap remains; she makes a lateral move when the frontier has deteriorated sufficiently

and a mazximal gap is available; and she otherwise expands the career frontier by two positions.
The thresholds are finite and satisfy

d <0, d* <0, d<d* <d+1.
They depend only on the discount factor §.

Proposition 3 shows how indexability reduces a potentially long career history to a simple
comparison of local opportunities. The absolute level of the worker’s best match does not affect
the policy. What matters is how far the current frontier has fallen below that match and whether
the worker has accumulated at least one informative lateral option.

The number of maximal gaps also does not affect the current action once there is at least one.
Every maximal gap has the same local state and hence the same index. Additional gaps can raise
the worker’s continuation value because they provide further opportunities after a failed lateral
experiment, but they do not change the comparison between the frontier and the next gap to be
explored.

What follows a lateral experiment. Suppose that the worker selects a maximal gap. The
untried midpoint yields m + 1 or m — 1 with equal probability.
If the lateral experiment succeeds and produces m -+ 1, the new safe occupation has index m+1.
Because (g < 1, we have
m+1>m+4q.

Moreover, the gap was selected only if

m+ i >y + ip.
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It follows that
m+1>max{m+.q, y+tr}.

The newly discovered occupation therefore strictly dominates the frontier, all remaining gaps, and
every previously observed occupation. The worker settles there permanently.

If the lateral experiment fails and produces m — 1, the best observed match m and the frontier
match y remain unchanged. The failed gap disappears, so the number of maximal gaps falls from
g to g — 1. If another maximal gap remains, it has the same index m + 1 as the gap just selected.
Since the frontier drawdown is unchanged, the worker continues testing maximal gaps sequentially.

If all maximal gaps are exhausted after failures, the worker again compares the best safe occu-
pation with the frontier. She settles if d < d and resumes frontier expansion if d > d.

The optimal career path consequently moves among three regimes:

frontier expansion —> lateral experimentation —  settlement or renewed expansion.

When the frontier match remains close to the best match previously observed, the worker continues
moving outward. When the frontier deteriorates and a maximal gap exists, she pauses outward
search and tries a previously skipped occupation. A successful lateral move produces a better
fallback and ends search. Failed lateral moves are followed by additional gaps, if available, and
eventually by either settlement or a return to the frontier.

The lateral move is not a return to an old occupation. It is the first attempt at a job that was
previously feasible but left untried while the outward path remained attractive. Its value comes
from the information provided by the two successful occupations on its sides. The next subsection
removes this informational link while preserving the marginal distribution of match quality at every
occupational position.

5.4 Independent-Marginal Jobs

We now remove correlation across occupations while preserving the marginal distribution of match
quality at every position. This benchmark changes one feature of the environment: observing the
match at one occupation no longer provides information about any other occupation. The mobility
constraint, timing, preferences, and discount factor remain unchanged.
For every position n > 1, define
n
\I’{l = Z €n,jy
j=1

where the random variables
{enjin>1,1<j<n}

are mutually independent and
1
Plenj =1) =Plen; = -1) = 5.

The variables {¥/},>; are therefore independent across positions, while W/ 4 v, for every n.
Thus, the correlated and independent environments assign exactly the same mean and variance to
each individual occupation. They differ only in what an observed job reveals about other jobs.?!
In the correlated environment, the frontier match predicts outward occupations, and the values at

2n particular, E[Y;] = 0, Var(Y,!) = n, and Cov(Y,!,Y!) = 0 for n # k.
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the endpoints of a skipped interval predict its midpoint. Under independence, neither inference is
available.

The worker faces the same feasible set C(X) and maximizes the same discounted match com-
ponent V7 (s). The linear growth argument used in the correlated environment applies unchanged.

Bold expansion under independence. Let r denote the career frontier. Both r + 1 and r + 2
are feasible. For k € {1,2}, let QL (S) denote the expected discounted value obtained by selecting
r + k in the current period and behaving optimally thereafter. Once again, the match distribution
at r 4+ 2 is a mean-preserving spread of the distribution at r + 1. Moreover, selecting r + 2 creates
a weakly larger future opportunity set: it advances the career frontier farther and leaves r + 1
available as an untried occupation. The worker can ignore this additional opportunity, so it cannot
reduce value. Thus, the following lemma trivially holds.

Lemma 3. At every reachable state,

QL(S) > QL(S).

Consequently, there exists an optimal policy that chooses r 4+ 2 whenever it expands the career
frontier. We select the two-position move whenever the worker is indifferent.

Under the policy selected in Lemma 3, frontier positions are again even and every frontier
experiment leaves one untried midpoint behind. Unlike in the correlated economy, however, the
value of this midpoint is unrelated to the matches observed on its two sides.

Independent career arms. An untried occupation n behind the career frontier is represented
by the one-shot arm H.. Activating it yields the current payoff U! and generates the safe arm
S(¥!):

R(H,) =0,  HL — {S(¥))},

A career-frontier arm F£ represents a two-position expansion from absolute frontier position r.
Activating it yields the current payoff ¥! 1o, and generates a safe arm, an untried occupation, and
a new frontier. Thus,

R(Fi) =0, Fi — {S(‘I’£+2), H£+1, F£+2}.

The newly generated hole remains independent of both the observed frontier payoff and all other
occupations.

Once the two-position protocol has been selected, these arms form an Open Bandit Process.
The relevant local state of an independent frontier is its absolute position r, because the marginal
distribution of the next draw depends on r + 2. The current realized payoff at the old frontier is
not part of this local state.

Define

Yw=I(H))  and b =I(F)).

The following lemma characterizes these indices.

Lemma 4. For everyn > 1, v, is the unique positive solution to

JE [(W{L - %)ﬂ — (1 - 8)m.

Moreover,
n<k - Tn < Vk-
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For every reachable frontier position r, the frontier index b, is finite and satisfies
br 2 Yr42 > 0.

The inequality b, > .12 has a simple interpretation. A frontier experiment contains at least as
much value as a one-shot draw from the same occupational distribution, because the worker may
ignore all additional descendants. In addition, it creates access to still more distant occupations.
We are now ready to provide the optimal career policy when match quality is independent across
jobs.

Proposition 4 (Optimal career policy under independent marginals). Under the tie-breaking rule
that resolves indifference in favor of settlement, an optimal policy is

I B, m > by,

n’ e

{r+2}, m<b,.

In particular, the worker never selects an untried occupation behind the career frontier and never
expands the frontier by one position. Once the worker selects an occupation attaining m, settlement
18 permanent.

The independent policy depends on the best match m and the absolute frontier position 7.
It does not depend on the realized match at the current frontier. That realization contains no
information about the next untried occupation. The frontier position matters because it determines
the marginal dispersion of the next draw and the distributions of the future occupations that the
worker can access.

Starting from the origin, the worker therefore experiments successively at 2,4, 6, ... until the
best match observed along this path becomes high enough to dominate the frontier index. The
worker then settles permanently at an occupation attaining that match. The independent career
has only two regimes:

outward experimentation — permanent settlement.

The correlated and independent environments have the same marginal distribution of match
quality at every occupational position. Nevertheless, their optimal career policies differ. Under
correlation, whenever ¢ > 0 and d < d*, the worker selects an untried occupation behind the
frontier. Under independent marginals, an untried occupation behind the frontier is never selected
at any history.

Thus, the delayed lateral-experimentation regime in Proposition 3 is generated by the informa-
tion embedded in neighboring occupations.

The comparison separates two forces. In both environments, the payoff distribution becomes
more dispersed with occupational distance. The option to retain a good match consequently sup-
ports bold outward experimentation even under independence. Correlation adds a different force.
Successful jobs on both sides of a skipped occupation raise the value of trying that occupation later.
A poor frontier realization can then make the latent lateral option more attractive than another
outward move.

This distinction yields a testable prediction. Following adverse news in an outward career
move, transitions should be especially likely toward an untried occupation that uses skills related
to successful jobs held earlier in the worker’s career. The prediction is not merely that workers
return to familiar jobs or move to nearby jobs. The value of the lateral move should depend on the
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quality of the worker’s experiences on both sides of the new occupation. This mechanism provides
one interpretation of evidence that adverse career shocks induce retraining in fields related to prior
experience and that early occupational assignments have persistent effects on employment in the
same or related occupations [Humlum et al., 2025, Bruhn et al., 2025]. These findings need not
be generated exclusively by correlated learning; the model gives one mechanism and a conditional
prediction.

34



Appendix A Indexability

Notation for random objects. The main text is written in terms of realized histories and
states. In the appendices, whenever the induced stochastic process must be made explicit, A;, T,
Y;, and R; denote the random action, sampled location, observed payoff, and per-period payoff,
respectively. The random observed set and informational state are denoted by )?t and §t, while
X and Sy denote their realizations, as in the main text. A fixed local arm state is denoted by z,
whereas Z] denotes the random arm selected at local date n under a descendant policy .

The initial history, the policy, the payoff process, and the auxiliary randomizations used by the
sampling protocols jointly induce a probability law over these objects.

Extending an Open Bandit result. We first record an extension of the bounded-reward index
theorem of Wu and Zhou [2013]. The extension will be used to prove indexability of the problem
introduced in section 2. Consider a discrete-time Open Bandit Process with arm-state space Z,
reward function R, and descendant kernel P: activating an arm z yields R(z), replaces it by a finite
random multiset with law P(- | z), and leaves all other arms unchanged. For a nonempty finite
portfolio m, let II(m) denote the set of admissible history-dependent policies, and let Z7 denote
the arm selected at date n under 7 € II(m). We impose the usual measurability conditions, with
Z standard Borel. We are interested in policies attaining

W(mo) := sup E7,
w€ll(mo)

> §'R(ZF)
t=0

for an initial nonempty finite portfolio my.

Lemma 5. Consider the Open Bandit Process described above. Suppose that, for every nonempty
finite portfolio m,

Clm) = sup E, [Z SIR(Z7)| < oo, )
well(m) 1—0

nr(m):= sup ET [Z S'R(ZF)|| — 0 asT — oc. (2)
well(m) =T

Then the Gittins index I(z) is finite and measurable for every z € Z. Moreover, every admissible
policy satisfying
Z[ € arg max I(z)

zemy

at every date t is optimal.

Proof. The index denominator lies in [1, (1 — §)~}!], so (1) implies |I1(2)] < C({z}) < o0.
Consider approximations of the problem where reward functions are bounded: for K € N, define
-K, R(z) < —K,
Rk (z) :== < R(2), —-K < R(z2) < K,
K, K < R(z),

and
di(z) :=|R(2) — Rk (2)|.

35



Let Wik and Ik be the corresponding value and index. The Open Bandit problems with reward
functions R (z) are indexable by Wu and Zhou [2013, Theorem 3.1].
We first establish

ex(m):= sup ET [25 dg(ZF)| — 0 as K — oo. (3)

well(m) 1—0

Define the finite horizon versions of C' and ex as

N
-

Cr(m) :=  sup Ewm[ S'IR(ZT)||
well(m) —

— O

T—
er,xk(m) == sup Efn[ 5tdK(ZZT)
well(m) 1—0

Both are zero at T'= 0. For z € m, write
m/(z) == (m & {z}) W D(z), D(z) ~ P(- | 2).
Backward induction gives
Cri1(m) = IZHE%{\R( )| + OE[Cr(m(2))]},
e,k (m) = max{d (z) + 6E[er, x (m ( ))]}7
where maximizers exist because m is finite. In particular, dx(z) < |R(z)| implies
0<erxg <Cr<C.
We claim by induction on T that, for every finite portfolio m,
er.x(m) — 0 as K — oo.

The claim is immediate for 7" = 0. Suppose it holds at horizon 7', and fix a finite portfolio m and
an arm z € m. Conditional on activating z, the next portfolio m/(z) is random. By the induction
hypothesis,

erx(m'(z)) — 0 almost surely.

Moreover,
0 <err(m'(z)) < Cr(m(2)).

Notice that
|R(2)| + 0E[Cr(m(2))] < Cri1(m) < C(m) < oo,

and hence
E[C7(m/(2))] < <.

Dominated convergence therefore yields
Eler x (m/(2))] — 0 as K — oo.
Since also di(z) — 0, for every fixed z € m,

di(z) + 0E[er x (m'(2))] — 0.
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Finally, m is finite, so taking the maximum over z € m preserves the convergence:
6T+17K(m) = 12116%( {dK(Z) + (5E[6T,K(m'(z))]} — 0.

This completes the induction.
Asdig < ‘R|,
ex(m) < e,k (m) +nr(m).
First let K — oo and then 7' — oo to obtain (3).

Let Q(m, z) be the optimal value subject to activating z first, and define Qi (m, z) analogously.
Observe that

(Wi (m) = W(m)| < ex(m),
QK (m, z) = Q(m, 2)| < ex(m), (4)
[k (2) = I(2)] < ex({2})-

The last inequality again uses the lower bound of the index denominator. W) and I, are Borel
measurable by standard arguments. The inequalities in (4) imply that W and I are pointwise limits
of Wi and Ik, respectively. Thus, W and I are measurable.

Let us now show that, starting from any finite portfolio, it is optimal to choose an arm with
maximal index. Fix m and z € arg max,epm, I (w). Define

Ag+ K™
Ak = glé%IK(w)_IK(Z)’ ag = %

By (4), Ix(w) — I(w) for every w € m. Since m is finite,

max | [ (w) — I(w)| — 0.
wem

Observe that

| max I'x (w) — max I (w)| < max [Ig(w) — I(w)|.
wem wem wem

Hence
max [ (w) — max I(w) = I(2).
wem wem

Together with I (z) — I(z), this implies Ag — 0 and ax — 0.

In the bounded problem, add a bonus ax to the reward of the fixed initial arm z the first
time it is activated. This is another bounded-reward open bandit, and the bonus is paid at most
once. Every admissible policy and stopping time in the maximization problem associated with the
index of z has its numerator increased by ax and its denominator bounded above by (1 — §)~!.
Consequently, the index satisfies

IH(2) > Ix(2) + (1 — §)ak = meaXIK(w) + KL

The indices of all other initial arms are unchanged. Thus, z is the unique maximal-index initial
arm, so the index theorem in Wu and Zhou [2013] guarantees that it is an optimal first action.
Writing I/VI‘(F for the perturbed value, we obtain

Wi (m) < Wit(m) = Qr(m, 2) + ak.

It follows that
0 <W(m)—Q(m,z) <2ex(m)+ax — 0,

37



where the last inequality follows from adding and subtracting Wx and @y, the above inequality,
and the inequalities in (4). Hence every original maximal-index arm is an optimal first action.
We first record the one-step decomposition of the original value. For every finite portfolio m
and z € m,
Q(m, z) = R(z) + SE[W (m/(2))].

Indeed, the corresponding identity holds in every bounded problem, and the convergence established
in as K — oo, together with |[Wg(m/(2))] < C(m/(2)) and E[C(m/(2))] < oo, allows us to pass to
the limit by dominated convergence. Hence, by the previous step, every maximal-index arm z € m
satisfies

W(m) = R(z) + SE[W (m/(2))].

Let 7! be any admissible maximal-index policy and let m,, denote its portfolio immediately
before date n. Iterating the preceding equality gives, for every T,

W(mo) = EWI

T—1
ST oR(ZT) + 5TW(mT)] .

n=0

Moreover, ,
STE™ [|W (mr)[] < nr(mo) — 0.

Letting T' — oo and using discounted absolute integrability yields

o0

ST omR(ZE)

n=0

W(mgp) = E™

Thus 7! is optimal. ]

Corollary 2. Under the hypotheses of Lemma 5, fix a relevant arm state z. Let w1 € 1I(z) select
an arm of maximal index in its single-arm descendant process, with M?, = {z}, and define

Tz :-inf{nZl: max I(w)<[(z)}, inf & := oo.
Then (r!,7.) attains I(z), that is,

I
™
EZ

T—1
ST oM(R(ZE) - I(z))] = 0. (5)
n=0

Proof. Fix ¢ € R and add to the original problem an independent arm z, which gives reward ¢
and reproduces itself. Its index is g, and the indices of the other arms are unchanged.

We first verify that the augmented problem satisfies the lemma’s hypotheses. Activations of z,
from any policy reveal no information. Total absolute rewards are therefore bounded by

C(m W {z}) < C(m) + 1’3'(5

Observe that np(m) is the largest expected discounted absolute payoff that can be generated from
date T onward by a policy that starts at date 0 from portfolio m. In the augmented problem,
however, the original family need not have been activated T times by calendar date T', because
some periods may have been spent on z,. We therefore need to control separately the cases in which
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the original family has advanced many local periods and in which it has instead been delayed for
many calendar periods.

Let L = |T/2]. 1If the original family has been activated at least L times, its remaining
contribution is at most 7 (m). If it has been activated less than L times, then at least T'— L calendar
periods have been spent delaying those activations, which contributes an additional discount factor
of at most 67 L. Moreover, the expected discounted absolute reward generated from time 7T is
bounded above by C(m). Consequently,

lq|6T

1_5—>0.

ir(m e {zg}) < 677FC(m) +n(m) +

It follows that Lemma 5 applies to the augmented problem.

Set ¢ = I(z) and start from {z,z,}. Operating z, forever is a maximal-index policy, with
optimal value ¢/(1 — 6). Another maximal-index policy activates z first, follows 7/ until 7, and
then operates z, forever. Hence

g = : q
—— =ET "R(ZT o ——1.

Rearranging and using 1 — 0™ = (1 —J) Z:f;ol o™ gives (5). Since 7, > 1, the index denominator
is strictly positive, and the same equality establishes attainment of the normalized index. [l

Proof of Theorem 1. We show that the resulting process is an Open Bandit Process satisfying
the hypotheses of Lemma 5.

It is sufficient to establish four properties: the local arm-state space is a standard Borel space
and each global portfolio contains finitely many arms; each local arm state has a measurable
expected reward and a measurable law over finitely many descendants; the reward and descendant
law of an activated arm depend only on its local state, while idle arms remain unchanged; and the
discounting condition of Wu and Zhou [2013] is satisfied.

Step 1: measurable arm space and finite portfolios.
The local arm-state space Z is defined in Section 2. Since

£R+ = (O, OO), ENO = {2,3,...},

the feasible-length set Ly is a Borel subset of R. Hence

12

Z, ~ R, Zy~ Ly x R% Z~R

are standard Borel spaces. Their finite disjoint union
Z=2,UZ,UZ

is therefore also a standard Borel space.

For every finite informational state S, the portfolio of arms M(S) is a multiset. Moreover,
M(S_1) = {S(%o),F(g0)}. A safe activation generates one descendant, and a gap or frontier activa-
tion generates at most three. Starting from a finite portfolio, the portfolio therefore remains finite
after every finite number of activations. We denote M¢(Z) the measurable space of finite multisets
on Z.

Step 2: expected rewards and descendant kernels.
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We first describe the local transition laws. For d > 0 and (a,b) € R?, define the multiset

G(d,a,b)}, de Ly,
g0y = | LI TR
g, d@éﬁ;\f,

where @ denotes the empty multiset. This convention omits subintervals that contain no feasible
unobserved location. It matters only when & = Ny, where a subinterval of length one is empty.
For a safe arm,

R(S(y)) = u(y, 1),
and its descendant law is degenerate:

P(- | S(v) = dgsiy)y

where the right-hand side is the Dirac measure concentrated on the one-element multiset {S(y)}.
Now fix a gap arm z = G({,yr,yr). Because X and R are standard Borel spaces, regular
conditional distributions admit measurable versions. Fix a Borel kernel

Q& (dA, dv ‘ z)

giving the joint conditional distribution of the relative displacement A € (0,¢) N X and the payoff
v observed at the sampled location. Assumptions 1, 2, and 3 imply that this kernel depends on the
selected physical gap only through z = G(¢,y1, yR)-

A realization (A, v) generates the descendant multiset

d®(z;A,v) = {S(v)} W g(A,yr,v) Wg(l — A,v,yr).

The expected one-period reward is
R(z) = /(u(U,O) — c)Qg(dA,dv ‘ z),
and the descendant kernel is the pushforward of Q2(- | z) under d&:
P(B|z) = /1 {d®(z;A,v) € B} Q#(dA, dv | 2)

for every Borel set B C M¢(Z).
Next fix a frontier arm z = F(y). Let

Qf (dA, dv ‘ z)

be a measurable version of the joint conditional distribution of the positive frontier step A and the
payoff v observed at the new frontier.?? Assumptions 1, 2, and 3 imply that this kernel depends
only on the frontier state F(y).

A realization (A, v) generates

d'(2;4,0) = {S(v), F(v)} W g(A, y, ).

The expected one-period reward is

R(z) = /(u(v,O) - C)Qf(dA,dU | z),

22 As above, its existence is guaranteed by the fact that X and R are standard Borel spaces.
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and
P(B|z) = /1 {df(z;A,v) € B}Qf(dA,dv | 2).

Because u is Borel measurable, the local kernels are measurable in their conditioning arguments,
and the descendant maps are Borel measurable, the function and the kernel

z+— R(z) z— P(- | 2)

are measurable. Assumption 4 guarantees that R(z) is finite at every reachable local arm state.
We next relate the realized period payoff to the expected reward function R. Consider the
single-arm descendant process initiated by a reachable state z. Under a policy 7 € II(z), let

T ={G." }n>0

be its natural filtration, where G," is the information available immediately before the nth activa-
tion. Let Z] denote the selected arm and let r]; be the realized payoff from that activation.
The selected state Z] is G -measurable, while its local realization occurs only after selection.
Therefore,
BT (7 | 657] = R(Z5).
For every 7 € T(z,7), the event {n < 7} belongs to G;". Absolute integrability?® and iterated
expectations therefore give

T—1 00 00 71
2 S| = 3781 1] = 3782 10y mZ0)] <52 | 5 (2
n=0 n=0 n=0 n=0

The same argument applies to the global search problem. Thus, replacing the realized current
payoff by its conditional expectation preserves the expected value of every admissible policy. The
realized observation is not removed from the information structure: it remains encoded in the
descendant arm states and can affect all subsequent choices.

Step 3: equivalence with an Open Bandit Process. For an action A; selected from the portfolio
induced by St 1, write Z; = z(Ay; St 1) for its random local arm state. Let Dy be the multiset of
descendants generated by its local realization. The informational state update implies the pathwise
portfolio update

M(S;) = (M(:S*\tfl) S) {Zt}> W Dy.

To verify its transition structure, notice that at every history, the bounded gaps have disjoint inte-
riors, and the frontier tail is disjoint from all bounded gaps. Assumption 1 implies that, conditional
on the observed boundary values, the payoffs associated with locations in these components are
mutually independent. Assumption 2 implies that the conditional distribution inside a selected gap
depends on its endpoint locations only through their distance, while the distribution beyond the
frontier does not depend on its absolute location. Assumption 3 then implies that, conditional on
Zy, the distribution of Dy is P(- | Z;) and the expected current reward is R(Z;), independently of
the states of all other available arms. The randomizations used by the local protocols do not intro-
duce dependence on the remaining portfolio. Every unselected physical opportunity is unchanged,
and therefore every unselected arm remains frozen.
Consequently, the portfolio process

{M(S))}i>—1

23The finiteness of the integral is guaranteed by assumption 4.
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has exactly the transition structure of an Open Bandit Process: one available arm is activated, it
is removed and replaced by a finite random multiset of descendants whose law depends only on its
local state, and all idle arms are unchanged.

Multiplicity preserves distinct physical opportunities that happen to share the same local state.
Choosing either copy produces the same local reward and descendant law. Thus every admissible
physical search policy induces an admissible arm-selection policy for the portfolio process, and
an arm policy can be implemented in the search problem by selecting a physical opportunity
corresponding to the chosen copy. The two formulations therefore generate the same attainable
expected discounted payoffs.

Step 4: discounting, finiteness, and the index theorem.
Every activation lasts one period. In the notation of Wu and Zhou [2013], the duration associ-
ated with every arm type is therefore Viyz(z) = 1. Their Assumption 2.1 is satisfied because

sup E {5VWZ(Z)] =6< 1.
z2€Z

We next verify finiteness of the normalized index.? Fix a reachable local arm state z. There
exists a reachable finite informational state S whose portfolio contains a copy of z. Define

c(s) = supEg’a [Z (ﬂm\] < 0o
= =0

where finiteness follows from Assumption 4.

Fix m € II(z), and 7 € T (2, 7). The descendant policy can be embedded in the global problem
by selecting the copy of z and subsequently following only the arms generated from it until 7, while
leaving all outside opportunities idle. Extend the policy arbitrarily after 7. By the equality of
realized and expected reward representations established in Step 2,

-1 -1 -1
E7 TZ:&”R(ZZ{) = |E] TZ&”TZ{] <E] TZé”]rﬂ < C(9).
n=0 n=0 n=0
Moreover, since T is strictly positive,
T—1 1
1 <ET nz:%d" <

Every discounted-average payoff entering the definition of I(z) is therefore finite and uniformly
bounded in absolute value by C(S). Hence I(z) € R for every reachable local arm state z.

For any reachable finite state S and any nonempty subportfolio m of M(S), a policy on m can
be implemented in the search problem while leaving all outside opportunities idle. Conditional
Jensen’s inequality and the expected-reward representation in Step 2 give, for every T > 0,

> R

< sup Eg’g
¥ t=T

sup K, !Z S'|R(Z7))

well(m) T

Assumption 4 therefore verifies both conditions (1) and (2) in Lemma 5 for the constructed portfolios
and their single-arm descendant problems. Lemma 5 implies that every admissible policy selecting
an available arm of maximal normalized index I is optimal.

0

#Finiteness is implicitly assumed in Wu and Zhou [2013], but it is not automatic in our environment.
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A.1 Fair-Charge Representation

The single-arm descendant process, the admissible policy set II(z), the stopping-time set T (z, ),
and the normalized Gittins index I(z) are defined in Section 2. We now record an equivalent
representation of the index that will be used in the proofs of the R&D results.

For a reachable arm state z € Z and a candidate charge g € R, define the discounted excess
value

V(z,q) = sup EI
well(z)
TET (2,m)

T—1
> (R(Z]) —a)
n=0

Because every stopping time in 7 (z, ) is strictly positive, the initial arm is activated before the
descendant process can be retired.

Definition 1. A number ¢* € R is a fair charge for the arm state z if
V(z,¢") =0.

Lemma 6. Suppose that Assumption 4 holds, and fix a reachable local arm state z € Z. Then, for
every q € R,

>0, q<I(2),
V(z,q) 4 =0, ¢q=1(2),
<0, q>I(2).

Consequently, the unique fair charge for z is its normalized Gittins index: ¢* = I(z)

Proof. Fix w € Il(2), 7 € T(z,7), and define

Nyr = ET . Dp,=EI

T—1
> §"R(Z))
n=0

T7—1
>
n=0
Since T > 1,
1
1< Dy < ——.
—= T = 1 _5

The excess value generated by this policy-stopping pair is

EZ

D’TI',T

T—1 N
}:waﬁﬁl—wlzﬁkr—ﬂ%J:lhﬁ< “T—q>. (6)
n=0

Suppose first that ¢ > I(z). By the definition of the normalized index,

NT(',T
Dy,

<I(z)

)

for every admissible pair (7, 7). Hence

NTr,T - qDTI'ﬂ' < DW,T(I(Z) - Q) < I(Z) —q< 07

where the second inequality follows from D, . > 1 and I(z) — ¢ < 0. Taking the supremum over
(m,7) gives
V(z,q) <1(z) —q <0.
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Now suppose that ¢ < I(z). By the definition of the supremum, there exists an admissible pair
(m,7) such that

DTI'T

Equation (6) then implies
N7r,'r - qDﬂ',T > 0,

and therefore V(z,¢q) > 0.
Finally, let ¢ = I(z). Equation (6) and the definition of Gittins index imply that for every
admissible pair,
Nypr—I(2)Dy ., < 0.

So V(z, 1 (z)) < 0. Conversely, for every € > 0, there exists an admissible pair (7., 7¢) satisfying

Mg re > 1(z) —e.
Consequently,
Nrer. = 1(z)Dr. g, 2 =D = =
Taking the supremum over admissible pairs and then letting € | 0 gives V(z, 1 (z)) > 0. Thus
V(z,1(z)) = 0.
The three cases establish the result. n

Appendix B Brownian R&D

B.1 Well-Posedness of the Brownian R&D Problem

We first verify both requirements of Assumption 4 in the Brownian R&D application. The argument
is uniform over continuation policies and therefore establishes finiteness of the global value function,
not only of a particular single-arm problem.

For a realized informational state S, write

ES[] =E”[-5].
Throughout Appendix B, we will suppose that the profitability landscape is
U, =90+ pux + oWy, o >0,
and that Assumptions 5, 6, and 7 hold.

Lemma 7. For every reachable finite informational state S, there exists a constant Kg < oo such
that
supE% [|Yy]] < Ks(1 +1) for every t > 0.
%

Consequently, for every T > 0,

oo oo
Sl;pEE Z5tIXth — (1= x¢)c|| < Zét [Ks(1+1t)+c].
t=T t=T

The bound is finite at T = 0 and converges to zero as T — oco. Thus, Assumption 4 is satisfied in
the Brownian RE€D application, and V(S) € R for every reachable finite state S.
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Proof. Fix a reachable finite informational state
S=A{(zi,yi):i=0,...,m}, O=z9g< 1 < < Tpp.

We first control the unresolved profitability landscape on the compact interval already spanned
by the startup. For
b =x; —xi_q, i1=1,....,m,

the conditional process on [z;_1,x;] can be represented as
Uoput, = (1= w)yim1 +uyi + 0/ Bi(u),  wel01],

where B; is a standard Brownian bridge. Hence, defining Bs = supg<,<,, |0, [,25 we get

T 0<i<m

m
B, < max |y + O'Z Vi |Bi o
i—1

where || B;|lco = sup,cp,1] [Bi(u)]- Since E[[|B;[|o] < 00, we obtain
bs = Es[Bs] < 0.

We next control the part of the landscape generated by future frontier expansions. Let (A;);>0
be an i.i.d. sequence with law G, from which the successive frontier steps are drawn whenever the
frontier is activated. Define .

24
§=0

Since the startup can expand the frontier at most once in each period, the total distance added to
the frontier by the end of period ¢ is bounded pathwise by L;, under every admissible policy.
Conditional on state S, the profitability landscape beyond the frontier z,,, can be written as

Ly

Vitu = Ym + pu + UW’LH u >0,

where W is a standard Brownian motion independent of the previously unresolved bridges and of
the frontier-step sequence. Every product observed by period ¢ is therefore located in [0, 2, + Ly],
and its profitability satisfies the pathwise bound

;| < Bs+ /Ly + 0 sup [Wyl.
0<u<L;

By assumption 6, mg = Eg[A] < oco. Then

E[Li] = (t+ 1)mg < oo.

By the Brownian maximal inequality, there exists a finite constant Cyy such that

< CW\/E-

E| sup |Wu|

0<u<L;¢

Ly

25When m = 0, we use the convention Bs = |yo].
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Taking expectations and applying Jensen’s inequality to the concave function f(z) = /x gives

E

sup yWuy] < CwE[\ T < Cw /(T Dimg.

Ogugft

The bound is independent of the continuation policy. It follows that
sup EX[|Vi]] < bs + |u|(t + 1)ma + oCw/(t + L)mg < Ko(1+1)
bl

for some finite constant K.
In the R&D application, the per-period payoff is

Ry = xYy — (1 — xe)e.

Therefore,
|Re| < Y| +c.

By Tonelli’s theorem and the preceding policy-uniform bound, for every T' > 0,

> R,
t=T

At T = 0 this gives a finite uniform bound on total absolute discounted rewards; as T — oo it
gives uniformly vanishing discounted tails. This verifies both requirements of Assumption 4. Every
admissible policy has expected discounted payoff bounded in absolute value by the expression at
T=0,s0V(S) eR. O

00 T+1 ) C
b < t = T °
s%pEs _;:T(s [Ks(14+t)+c] =0 |:KS(1_5+(1_5)2>+1_5:|

Corollary 3. For every y,yr,yr € R and every £ > 0,

P, yr,yr) €R,  I™™(y) €R.
Proof. Consider first the descendant process initiated by the gap G(¢,yr,yr). Every product

generated by this process lies inside the root interval. Under the conditional Brownian-bridge
representation, define

BY = sup ‘(1—U)yL+uyR+o\/ZIB%(u) ,

where B is a standard Brownian bridge. Then, the proof of lemma 7 implies

g
E [BZ,yL,yR] < 00.
Every safe descendant has payoff bounded in absolute value by B% while every gap activation

LyL,yr’
yields the payoff —c. Hence, for every admissible policy-stopping pair

e H(G(& yLayR))7 TE T(G(& yL:yR):Tr)7

the numerator of the normalized index satisfies

T—1
E™ [Z S"R(ZT)

n=0

g
_ E[BZ,yL,yR] +c

1-6
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Since

Eﬂ'

T—1

25"] > 1,

n=0

all discounted-average payoffs entering the definition of I%*P(¢,yr,ygr) are uniformly bounded.
Moreover, retiring the arm immediately after its first activation yields the finite value —c. There-
fore, I8P (¢, yr,yr) € R.

For a frontier arm F(y), the argument in Lemma 7 applies to its single-arm descendant process,
with initial frontier payoff y. Thus there exists a constant Ki < oo such that

sup EJ [|Y;7]] < K§(1 +n).
s

Consequently, uniformly over all admissible policy-stopping pairs,

T—1 f
K c
ET S"R(ZM) || < Y .
PR S gt <

Again, the denominator of the normalized index is at least one, and the policy that retires after
the initial frontier activation yields —c. Therefore, I (y) € R. O
B.2 Initialization of the R&D Process

We establish the exact condition under which the startup expands the frontier at date 0. Recall
that the initial portfolio contains only the safe arm S(go) and the frontier arm F(gp).

Proposition 5. Under Assumptions 5 and 6,
0 < kf'(u,0,F,G,6) < 0.

Moreover,
> g0, G0 < k(p,0,F.G,e.0),
Ifront(go) — g07 go — kF(u7 o, F, G7 C, (5)7
<%Yo, Yo > kF(l’L7O'7 F7G7C’ 5)

Consequently, at date 0, frontier expansion is uniquely optimal if and only if Assumption 7 holds.

Proof. We first establish that " < oo is well defined. Consider an admissible policy-stopping
pair (7, 7) for the descendant process initiated by F(0), and define

T—1 T—1 T7—1
P, =Ej Z SNTYT Qrr=Ej Z 0" (1 — XZ)] , and D. . =Ej Z (5”] .
n=0 n=0 n=0

Since the initial arm is a frontier arm, x§ = 0. Because 7 > 1, it follows that () > 1. Moreover,

1

1§D7r,7§ m’

Qﬂ,‘r < Dﬂ',T .

Discounted integrability implies that

T—1
s |5 (
T n:()

Yﬂ'

n

+(1— XZ)C)] < 0.
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Hence,

sup Py, < 0o and K =sup ——
T T T
since Qrr > 1,
To see that x> 0, let
Z = pA +oVAe,

where A ~ G, and ¢ ~ N(0, 1), independently. Consider the policy that expands the frontier once
and, if Z > 0, operates the resulting safe arm for one period before retiring the descendant process.
It Z <0, the process is retired immediately after the frontier experiment. This policy has Qr » =1
and P, = 0E[ZT]. Because 0 > 0 and A > 0 almost surely, E[Z*] > 0. Therefore P, > 0 for
every N > 1, and hence x> 0.

We now characterize the initial decision. Fix an admissible pair (7, 7) for the descendant process
initiated by F(0). Vertical translation of every observed payoff by 7o produces an admissible policy-
stopping pair for the process initiated by F(gy). Conversely, subtracting gy from every payoff maps
every admissible pair starting from F(7) into one starting from F(0). This correspondence preserves
the sequence of arm types, the stopping time, and the locations generated by the research protocols.
Every safe payoff is increased by gy, whereas every R&D activation continues to yield the payoff

—c. Define
7—1
Ser =Ef [ 5%5] :
n=0

Then
D7r,T — Sﬂ,‘r + er,r-

The discounted-average payoff generated by the translated pair starting from F(gg) is

J0S. Py —
Am@o; C) = Yoom, +Dﬂ"T CQ”’T.
T

Subtracting the index of the initial safe product gives

PTr,T - (C + :UU)QW,T _ QTr,T P7r,‘r
D7r,T DT(',T QW,T

A (o3 €) — o = o %)) . ()

Notice that

1_5§%§17

m™,T
where the lower bound follows from Qr r > 1 and D, , < (1 — §)~L. Suppose first that o +c < xF.
By the definition of the supremum, there exists an admissible pair satisfying

T

Qr,r

Equation (7) then implies A -(go; ¢) > go. Consequently,
Next suppose that go + ¢ > !, For every admissible pair,

> Yo + c.

Ifromt (50) > .

T

Qnrr
Using the lower bound on Qr /Dy r in (7), we obtain

— (o +c¢) <k —(Go+¢) <0,

Az (Y03 ¢) — o < (1 =) [“F — (Yo + C)] <0.
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This inequality holds uniformly over all admissible pairs. Therefore, I™™ (7y) < 7.
Finally, suppose that o + ¢ = k. Equation (7) implies A, -(o;c) < 9o for every admissible

pair, and hence I front(gjo) < 7o. For every € > 0, however, there exists an admissible pair such that
7r7T F
> KR —E.
Qn,r

Since Qr,r/Dr+ <1,
AW,T(:UO; C) — Yo > —€.
Letting € | 0 gives 7™ (g9) > 0. Thus, 1™ (50) = Jo.
At date 0, the only competing arm is the initial safe arm S(gp), whose index is gg. The policy
statements therefore follow from Theorem 1. O

B.3 Brownian Geometry inside a Bounded Gap

We now derive a normalized representation of the descendant process generated by a bounded gap.
Fix a physical realization of a root gap with endpoints (xr,yr) and (zg,yr), and define

YL + YR
—

The endpoint products are boundary conditions for the descendant process; as explained in Sec-
tion 2, they are not safe descendants of the root gap.

Enumerate the new products generated by activations of the root gap and its descendant gaps
in their order of discovery. Write

{=xp—x1 >0, S =YR — YL, Y

(Zk, Yi), k=1,2,...,
for their physical locations and profitabilities. We use the labels L and R for the two root endpoints:

(#0,YL) = (7L,yL), (R, YR) = (¥R, YR).

Lemma 8. Fiz an admissible policy for the single-arm descendant process initiated by G(¢,yr, yr)-
For every labeli € {L,R,1,2,...} that is generated before retirement, there exist unique normalized
variables (W, (;) satisfying

T; =xp +LW; and Yi:yL+Wis+U\/ZQ.

Initialize

W =0, Wgr =1, (r=Cr=0.
Whenever the kth gap activation occurs, let Ag, By, € {L,R,1,...,k — 1} denote the labels of the
two endpoints of the selected descendant gap, with 4, < Zp,. Then

Wk:(l—Uk)WAk-f—UkWBk, Uy ~ F,
and
G = (1 = Ur)Ca,, + UrCB, + /Wn, — Wa, &k, & | Up ~ N(0,U(1 — Uy)),

where Uy, and &, | Uy, are independent of the history preceding the kth gap activation.

For fized root parameters (xr,¢,yr,s), the transformation between the physical descendant his-
tory and its normalized counterpart is deterministic and invertible. Consequently, the two histories
generate the same filtration. Moreover, under any fixed policy written in normalized coordinates,
the law of the normalized process {(Wi, C)tx>1 does not depend on (xr, 4, yr,s).

49



Proof. We proceed by induction over the sequence of gap activations. The representation holds
at the two root endpoints. Indeed,

T =z =2 +IWg, and Yy =yr =yr + Wrs+oVi(,
because Wi, = (7, = 0. Similarly,
dp=zxp=x,+0=a,+Wg, and Yr=yp=yr+s=yL+ Wgs—+oVlCg,

because Wgr =1 and (g = 0.

Suppose that the representation holds for every product observed before the kth gap activation.
At that activation, the policy selects the descendant gap whose endpoint products are (Z4,,Ya, )
and (Zp,,Yn,), where 24, < Zp,. By Assumption 5, the new product is developed at

2 = (1 = Uk)za, + Uilp,, Ug ~ F.
Using the induction hypothesis,
ZTa, =xr +IWy,, I, = +{Wp,,
we obtain
=1 —-Ug) (e +Wa,) + Ui (xp +Wp,) = a1 +L[(1 = Up)Wa, + UsW5,] .

Therefore,
Wi = (1 — Uk)WAk + UkWBk-

Conditional on the pre-activation history, the two endpoint values, and Uy, the unresolved
profitability process inside [Z4,,%p,] is a Brownian bridge. Hence

Vi = (1 —U)Ya, + UsYB, + 0\/ZB, — &4,k & | Up ~ N(0,Ui(1 — Uy)),

and the bridge innovation is independent of the preceding history. Notice that the drift u does not
enter this conditional representation: after conditioning on both endpoints, it is absorbed by the
linear interpolation between their realized values.

By the induction hypothesis,

YAk:yL-i-WAkS-i-U\/ZCAk and YBkaL-l-WBkS-i-U\/ZCBk.

Moreover,
g, —Za, =L (Wp, —Wa,).

Substituting these expressions gives

Vi =(1—=Up) |yr + Wa,s + a\/ZCAk] + Uy [yL + Wg,s + U\/ZCB;C} + a\/€ (Wg, — Wa,) &
=y + [(1 = Uy)Wa, + UWg,] s+ oVi [(1 — U)Ca, + UiCa, + \/Wsz] .
Using the expression for Wy, this becomes
Y = yr, + Wis + oV,

where

G = (1= Ug)Ca, + UrCB, + VWn, — Wa, &
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This completes the induction.
For fixed (z1,¢,yr,s), the inverse transformation is

T — and C‘_Yi_yL_VViS
1 ’ ot ‘

Thus, keeping the sequence of selected arm labels and arm types unchanged, the physical and
normalized descendant histories are deterministically equivalent. In particular, they generate the
same filtration.

Finally, the recursion for (W, (x) depends only on the normalized history, the draws Uy ~ F,
and the Brownian-bridge innovations £;. None of these objects depends on the root-specific param-
eters (zr,4,yr,s). Therefore, under any fixed policy written as a measurable function of normalized
histories, the law of the normalized process is independent of those parameters. O

W; =

Lemma 8 allows us to identify the policy spaces of all single-gap descendant problems with a
common normalized policy space. Let 118 denote the resulting class of admissible policies on nor-
malized descendant histories, and, for = € 112, let 78(m) denote the corresponding set of strictly
positive stopping times. Although the optimizing policy may differ across root-gap parameters, the
class of measurable normalized decision rules is the same for every root gap.

For z > 0, and £ = 22, let

VEr(a?, g siq) = V (G (a2 5 - 5,0+ 5 ) 1a)

be the gap discounted excess value relative to ¢, as defined in Appendix A.1. Fix 7 € II®, and
T € T8(m). At local date n, let

Xg = 1{2;{625}.

On the event {xI = 1}, let (W7, (F) denote the normalized coordinates of the product represented
by the selected safe arm. The payoff of the selected safe arm can then be written as

1
Y$=y+<WJ—2>s+xag’: on {xI =1}.

Define the excess value delivered by the fixed pair (m,7) by

T—1
VEP (2,7, 5,q) = ET [Z 0" xn (Y —q) = (1= x3)(c + q)]
n=0

Lemma 9. For every normalized policy-stopping pair m € 118, 7 € T8(w), there exist finite coeffi-
cients Cﬂ,f(ga Q)a H7T,T7 and Bﬂ',ﬂ such that

Vgi?(lj’ Y, S; Q) = Cﬂ',T(ga Q) + 5H7r,‘r + 1'B7r,7'-

The coefficients are

T—1
Crr(@,0) =B™ | 8" (@ —a) — (1= x)(c+ )],
n=0
T—1 1
H,,=E" " T— ),
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and

7—1
Brr=E" | 6"x7o(h
n=0
For a fized normalized pair (w,T), the coefficients Hy ; and By » do not depend on (z,9, s, q), while
Cr.+(y,q) does not depend on (z,s).

Consequently,

Vgap(x2’ y,879) = sup {Cr,(y,q) +sHxr+xBr,}.
well®
TETE(m)

Proof. The excess payoff generated at local date n is

Xn (Y =2) = (1= xq)(c+A).

By Lemma 8, the payoff of a selected safe descendant satisfies

1
Y =9+ (W,fbr—Q)s—i-xUC]{.

Substituting this representation gives

7—1 1

> on {XZ [y+ (WS - 2) s+ 20(] — q] - —x2)<c+q)}
n=>0

7—1 7—1
> (Wi - 3) 3 6"x::a<:;] .

n=0 n=0

VER(2?, 7, 57¢) = BT

= ]EW —+ S]Eﬂ' + xEW

T—1
ST NEEG—a) — (1= x5 (c+q)]
n=0

The three terms on the right-hand side are precisely
Cﬂ'ﬂ'(ga(])? 3H7r,7'7 xBr ;.

)

Their finiteness follows from Lemma 7.

For a fixed normalized policy-stopping pair, the law of (x7;, W), (]),,~ and of 7 is independent
of the root-gap parameters by Lemma 8. Hence H; ; and By ; are independent of (x,7, s, q), while
Cr+(y,q) depends on the root parameters only through the displayed deterministic terms y and q.

Finally, Lemma 8 shows that the correspondence between physical and normalized histories
is bijective. Therefore, taking the supremum over all admissible physical policy-stopping pairs is
equivalent to taking the supremum over 7 € 118, 7 € T8(w). This yields

VEP (22 4, 5,q) = sup {Cr +(9,q) + sHrr + 2By} .
T

By Lemma 6, the gap index is the unique charge ¢ satisfying
VEP (22,7, 579) = 0.

Equivalently,

The affine decomposition is the common input for the length and steepness comparative statics
proved below. In particular, for fixed (g, s, q), the excess value is a supremum of affine functions of
z = V/¢; for fixed (z,7,q), it is a supremum of affine functions of s.
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B.4 Properties of the Gap Index
For convenience, we use both endpoint and midpoint—steepness notation:

YL + Yr

y= 5 S$=YRrR —YL-

Thus,

I92(6,yr, yr) = 157 (05— 2.5+ 3 ).

We use the same convention for the pair-specific and optimized excess-value functions:
VEP(C,yr yr,q) = VER(L G5 q), and  VEP(Lyr,yr,q) = VEP(L, 5,5, q).
Lemma 10 (Properties of the gap index). The gap index satisfies the following properties:
(i) Endpoint profitability. For every { >0, (yr,yr) € R?,
I#*P (¢, yr,, yR) > —c.
Moreover, for every a > 0,
0 < I#P(Lyp+a,yr)—I¥P(C,yL,yr) < da  and 0 < I¥P(Cyp,yr+a)—I%" (L, yr, yr) < da.

In particular, the gap index is §-Lipschitz continuous and strictly increasing in each endpoint
profitability. Hence, holding s fixed, it is strictly increasing in average profitability 3.

(ii) Technological distance. For every fived (yr,,yr) € R?, the map
T Igap(xZ’ YL, Z'JR)
is finite, continuous, convex, and weakly increasing on (0,00). Moreover,

lim I8*P (¢, yr,yR) = +00.
f—r00

(iii) Steepness. For fized { > 0 and y € R, the map

s s
e (- 25+ 5)
S Y 2y+2

is finite, continuous, even, and convex. It is therefore weakly increasing in |s|.
(iv) Bad-endpoint limits. For every fized £ > 0 and y € R,

lim I8%P(¢,y,b) = —c and lim I%%P(¢,b,y) = —c.
b——o0 b——o0

(v) Small-gap bound. Let m = max{yr,yr}. Then

limsup I8P (4, yr,,yr) < max{—c, dm — (1 — d)c}.
€0

More generally, if
10, YLk — YL, YRk — YR,

then

lim sup I%°P ({k, yrk, YRk) < max{—c, dm — (1 —d)c}.
k—o00
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Proof. We proceed in five steps.

Step 1: endpoint profitability and continuity.
We first establish the strict lower bound. Let Y denote the payoff of the first prototype generated
from the root gap:

Y=01-0U)yr+Uyg+o /U1 —-U)e, U~F, e~ N(0,1),

with U and ¢ independent. Since F((0,1)) =1 and o > 0, the conditional variance of Y is strictly
positive almost surely. Hence P(Y > K) > 0 for every finite K. Fix K > —c and consider the
policy that activates the root gap once and then operates the newly generated safe arm for one
period if Y > K, retiring immediately otherwise. Its discounted-average payoff is

—c+ (5E [Yl{y>K}]
1+ 0P(Y > K)

Its difference from —c is
1+ 0P(Y > K)

Therefore,
Igap(g’ YL, yR) > —c.

Fix ¢ > 0, (yr,yr) € R?, and let

¢ =1l yL, yr).

Consider a normalized policy-stopping pair (7, 7). Let

T—1 T—1 T—1
D, =E" [;} 5"] , L., =E" ;5”;&(1 -WnHl, and R..=E" [;} 5"xZWf[] .

By Lemma 8, increasing the left endpoint from y; to y; + @ increases the payoff of every safe
descendant at normalized location W by a(1 — W]). Therefore,

Vg?ﬁ(& Yyr + a, YR, q*) - V7grfi71_3(£’ YL, YR, q*) = G‘Lﬂ',T' (8)

Similarly,
V%i?(& YL,Yr + a, q*) - V7gr?7P(£7 YL, YR, q*) = aRﬂ'yT‘ (9)

Since the stopping time is strictly positive, x§j = 0. Moreover, 0 < W < 1. Hence

T—1

0< Ly, <E [Z 5”] < 8Drr,

n=1

and likewise
0< RTr,T < 5D7r,7'-

Using (8) and the definition of excess value relative to ¢* 4 da, for every admissible pair,
VEL(L,yL + a,yr, ¢ + 6a) = VEP(L,yr,yr,¢*) + aLnyr — 6aDrr < VEP(LyL, yr, q*).-
Taking the supremum over (m,7) and using the fair-charge representation gives

Vgap(gayL + a, Yr, q* + (SCL) < Vgap(& YL, YR, q*) =0.
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Lemma 6 implies that
Igap(e’ YL + a, yR) < q* + da.

At the original charge ¢*, equation (8) gives
VEP(Lyr +a,yr.¢7) = VEP(LyrL, yr,q") = 0.

So, by Lemma 6,
I8P (L, yr, + a,yR) > ¢

We now establish strictness. By Corollary 2, there exists an admissible pair (7%, 7*) satisfying
Vfibf)q-* (67 yL)vaq*) =0. (10)

By the strict lower bound established above, the attaining pair must operate a safe descendant
with positive probability. Otherwise every activation before retirement would yield the payoff —c,
and its discounted-average payoff would equal —¢, contradicting I8P (¢, y,, yr) > —c.

Under Assumption 5, every product developed inside the root gap is strictly interior. Thus,
W™ € (0,1) almost surely, whenever x™ = 1. It follows that

Lpose>0 and  Rpese > 0.
Consequently, equations (8) and (10) imply
V?%E‘?T* (67 YL + a, YR, q*) = aLﬂ*,T* > 0.

By Lemma 6, we then have
I# (0, yr + a,yr) > ¢

The proof for the right endpoint is identical, using (9). We have therefore proved
0< Igap(g’ yL +a, yR) - Igap(& YL, yR) <da

and
0 < I**P(l,yL,yr +a) — I**P(L,yL, yr) < da.

This also establishes strict monotonicity in average endpoint profitability.

Step 2: convexity and monotonicity in technological distance.
Let = v/£. For a normalized policy-stopping pair (m, ), the expected discounted reward is

Vﬂig’?]"p (1323 Y, S, O) = CW,T(g) O) + SHﬂ',T + xBﬂ,T?
by Lemma 9. Since Dy - is independent of the root-gap parameters, we can define

~ 7,0 H. B
I(m;ﬂ,s)zsup TI',T(y7 )"’3 ar T T 7r;r,

™,T Dﬂ—?T

z e R.

Notice that, for z > 0,

T(LU,Z],S) = [&P (1:272]_%7@_‘_;) .

As the supremum of affine functions of x, the map

~

x+— I(z;7,8)
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is convex.
We next establish symmetry around zero. Fix a normalized pair (7, 7). Construct its noise-
mirror pair (77,77 ) as follows. After a normalized history

hn = {(Wi, Gi) Yisn,

the mirrored pair behaves as (7, 7) would behave after
hy, = {(Wi, =Gi) Yizn.

Because the Brownian-bridge innovations are symmetric, the mirrored process has the same distri-
bution as

(Wna _Cn)nZI

under the original pair. The safe indicators, normalized locations, and stopping decisions have the
same distribution. Therefore, recalling that By . and B;- .- are the only coefficients that depend
on (Gn)n>1, We get

C7T77T7 (gv 0) = CF,T(gv 0)7 H7I'7,T7 = Hﬂ',Ta B7r*,T7 = _Bﬂ'ﬂ'? and D7T7,7'7 - DTI',T‘

Thus, for every x and every policy-stopping pair, we have constructed another policy-stopping pair
that achieves the same expected discounted average reward when x is replaced by —zx. It follows
that

~ o~

I(a;y,8) = I(=;9, 5).
A finite convex function that is even is weakly increasing on [0, 00). Hence

x — [5%P <w2,gj— %,Q—i— ;)
is weakly increasing. Finiteness follows from Corollary 3, and a finite convex function is continuous
on the interior of its domain.

It remains to prove divergence. Let Y; denote the first prototype generated from the root gap
when the gap length is ¢, and consider the policy that explores the root gap once, operates the
newly generated safe arm for one period if Yy > 0, and retires otherwise. As discussed earlier, its
discounted-average payoff is

—c+ SE[Y,"]
1+ 6P(Y, > 0)
Let
M = max{|yL|, [yrl}-
Using
(@+b)" >a" b,
we obtain

E[Y,;t] > o VIE [ Ui — U)} E[=*] — M.

Since F'((0,1)) = 1, we have
E[ U(1—U)] > 0.

Therefore,
E[Y,"] — 400 as ¢ — oo.
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The denominator of the displayed policy value is bounded above by 1 4 §. Hence that feasible
policy has value tending to +oco, and so

Igap(g’ YL, yR) — +00.

Step 3: steepness.
Fix £ > 0, y, and ¢q. By Lemma 9,

S Vgap('xz? g? 87 q)

is the supremum of affine functions of s and is therefore convex. The same argument applied to
discounted-average payoffs shows that

S S
1o (a2, — 2+ )
S e,y 2y+2

is convex.
We next establish spatial symmetry. Fix a normalized pair (7, 7). After a normalized history

hn = {(Wi, Gi) Yizn,

suppose that 7 selects a descendant gap with normalized endpoints (W4, Wg), where W4 < Wpg.
Define the spatial-mirror pair (7", 7"") so that, after the reflected history

hy' = {(1 = Wi, G) Yi<n,

it selects the reflected gap
(1—-Wpg,1—-Wy)

and makes the corresponding reflected stopping decision.
Because ;
U=1-U0,

the normalized location generated under the mirrored pair has the same law as 1 — W under the
original pair. The Brownian-bridge innovation has the same distribution under spatial reflection.
Consequently, recalling that the only coefficients depending on W/s are Hy » and Hym ym, it holds

Cﬂ'm,Tm (ga (J) = Cﬂ',T(g7Q)7 Hﬂ'm,’rm = _H7r,’r; Bﬂ'm,Tm - B7r,7'7 and Dﬂm,Tm = D7r,’r-

It follows that s

s s s
2o+ 2 :Igap(2— ,—,,).
~7+3) Yt 50

Thus the index is even in s. Since it is also finite and convex, it is continuous and weakly increasing
in |s].

8P <:,327 g—

Step 4: the bad-endpoint limit.

Fix £ > 0 and y € R. The lower bound is immediate: activating the root gap once and retiring
yields I8%P(¢,y,b) > —c for every b € R.

We prove the reverse bound. Fix a charge g > —c. It is sufficient, by the fair-charge represen-

tation, to show that
VE®(L,y,b,q) <0
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for all sufficiently negative b. Let B denote a standard Brownian bridge. The payoff at normalized
location u € [0, 1] is
Yy(u) = (1 —u)y + ub+ oVEB(u).

Fix by € R and restrict attention to b < by. Then
Yy (u) < Yy, (u) for every u € [0,1].

Define
Ybo = Sup }/270 (u)
u€l(0,1]
The random variable Y, has a finite first moment.

Fix a finite horizon T'. Consider the complete finite tree of all products that can be generated
within the first 7" gap activations, allowing every possible sequence of choices among descendant
gaps. Let N7 denote the finite collection of safe nodes in this tree, and let W, be the normalized
coordinate of node j. Since all protocol draws are strictly interior, W; € (0,1) almost surely, for
every j € Nr. Define

Mr(b) = max Vi (V5).

Because N is finite and every W; > 0 almost surely,
Mp(b) — —o0 almost surely as b — —oo.

Moreover,
Mp(b) <Yy, for every b < by.

Dominated convergence therefore gives
E [(Mr(b) —q)T] — 0 as b — —oo.

For any admissible pair (m,7), the initial activation produces the excess payoff —(c + ¢) < 0. All
later exploratory activations also produce negative excess payoff. Therefore, retaining only the
possible positive excess payoff from safe descendants,

T
1-96

VER(0,,b,) < —(c+q) + ——E [(Mr(5) — 0] +

— B[V )]

The bound is uniform over admissible pairs. Choose T sufficiently large that

1{;EKY%—qﬁ]<C;q
Then choose b sufficiently negative that
I%SEKMﬂM—qﬁ]<C§q
For such b,
V&P (L y,b,q) < _i?)q < 0.
Hence

I8 (L, y,b) < q
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for all sufficiently negative b. Since this holds for every ¢ > —c and the index is always at least —c,

lim I8%P(¢,y,b) = —c.

b——o00

The limit with the left endpoint tending to —oo follows from the the fact the the index is even in
steepness, as proved in Step 3.

Step 5: the small-gap bound.
Fix (yr,yr) and write m = max{yr,yr}. Let B be the standard Brownian bridge associated
with the root gap, and define

Ky =oVl|B| s, IBlloo = sup |B(u)|.

u€(0,1]
Every safe descendant generated inside the root gap has payoff bounded above by
m + K.

Fix a charge ¢ > —c. For any admissible pair, the first activation yields the excess payoff —(c + q).
Subsequent exploratory activations also yield negative excess payoff. Thus,

)
VEP(yL, yr,q) < —(c+q) + HE (m+Ke—q)"]. (11)

Taking the supremum over (,7) preserves the same bound. Since
Ki,—0 inL' as?]0,

the right-hand side of (11) converges to
(4 )+ ol —a)*
—(c ——(m—q)".
q 1—5 q

Define
qo = max{—c, om — (1 — d)c}.
We claim that the preceding limit is strictly negative whenever q > qp.
If ¢ > m, then
(m - Q)+ = O)
so the limit equals
—(c+¢q) <O.

If ¢ < m, then

om—(1—-90)c—gq

(et a) + poslm g = 0

1-9

<0,

because
qg>dm—(1-=19)ec

Therefore, for every ¢ > qo, V&P (¢, yr,yr,q) < 0 for all sufficiently small ¢. The fair-charge
representation implies I8P (¢, yr,,yr) < q for all sufficiently small ¢. Letting ¢ | qo gives

lim sup I8 (4, y1,, yr) < qo.
€10
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The sequential version follows from the same argument. If

YL,k =7 YL, YRk — YR,

then
mr = max{yLJg, yR,k} — M.

Applying (11) with (¢, my) and taking limits yields the stated bound.

B.5 Properties of the Frontier Index

We now collect the properties of the frontier index used in the proofs of the initialization and
post-discovery results. Recall that

1" (y) = I1(F(y))-

Lemma 11 (Properties of the frontier index). For every y € R and every a > 0,
0< Ifront(y+a) _Ifront(y) < da.

Therefore, the map
Y — Ifront (y)

is strictly increasing and d-Lipschitz continuous. The map is also convex. Moreover,
Iront(yy > —¢ for every y € R,

and
lim Ifront(y) = —c, lim Jfront (y) = +o0.

Y—r—00 Yy—r—+00

Proof. We proceed in three steps.

Step 1: continuity, convexity, and monotonicity.
Fix an admissible pair 7 € II(F(0)), 7 € T(F(0),7), and define

T—1 71
> 6"] , S =Ej [Z 5”XZ] :
n=0 n=0

D, . =Ej

where xT = 1{ZT € Z}. Let

Ef |0 8" R(Z7)|
Dr r '

Afff’Tnt (0) =

Adding y to every observed profitability gives a bijection between admissible policy-stopping
pairs starting from F(0) and those starting from F(y). Under this correspondence, every safe payoff
increases by y, while every exploratory activation continues to yield —c. Therefore,

STI"T
ey = s fao) 4y 7 ) (A)
~€TI(F(0)) Drr
FET(F(0).7)
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Since the initial arm is exploratory, xj = 0, and hence

Oghgd

™, T

Equation (A) expresses I'™ as the supremum of affine functions of y whose slopes belong to [0, d].
It follows that I is convex and, for every a > 0,

0< Ifront(y+a) _Ifront(y) < éa.
We next establish that 7" (y) > —c. Fix K > —c. The first frontier activation generates
Y' =y + puA+oVAe, A~G, e~ N(0,1),

independently. Since A > 0 almost surely and o > 0, P(Y’ > K) > 0. Consider the policy that
activates the frontier once and then operates the newly generated safe arm for one period if Y/ > K,
retiring immediately otherwise. Its discounted-average payoff exceeds —c by

5E [(Y, + C)]_{Y/>K}]
1+0PY' > K)

Hence, I (y) > —c.

Finally, Corollary 2 gives an admissible pair (7%, 7*) attaining 1" (y). It must satisfy Sqx e >
0; otherwise every activation before retirement would yield —¢, contradicting I (y) > —c. Ap-
plying the same translated pair at y + a therefore gives

Sﬂ.* T

* ok
™, T

Ifront(y+a) > Ifront(y) +a > Ifront(y>'

Consequently,
0 < IO (y 4 q) — 1T () < da.

Thus I is strictly increasing and d-Lipschitz, and therefore continuous.

Step 2: the limit as y — +o0.

Consider the feasible policy that activates the frontier once, operates the newly generated safe
arm for one period regardless of its realization, and then retires the descendant process. This policy
has deterministic stopping time 7 = 2 and discounted-average payoff

—c+ E[Y]
1+6
Since
E[Y'] =y + uEg[A],
we obtain

—c+ 0y + opEq[A]
Ifront > C )
() = 1+0

The right-hand side converges to 400 as y — +o00. Therefore,

lim Ifront(
Yy—r—+00

y) = +o0.

Step 3: the limit as y — —oo.
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The lower bound I (y) > —c follows from activating the frontier once and retiring. For the
reverse bound, fix 7 € TI(F(y)), 7 € T(F(y), 7). At local date n, let Y|, denote the highest payoff
among the safe descendants available immediately before the nth activation. Set ?g = —o0. Then

R(ZT) < —c+ (Yn+¢)7.
We use the same policy-independent frontier upper-bound as in the proof of Lemma 7. Let
(Aj)j21 be i.i.d. with law G, and
n
Aj, B, = |p|Ly, + 0 sup |WJ|,

L, =
- 0<u<Lp

7j=1

where W/ is a standard Brownian motion independent of the frontier-step sequence. The argument
in the proof of Lemma 7 implies, uniformly over admissible descendant policies,

Y, <y+ By,
and there exists K < oo, depending only on (p, o, G), such that
E[B,] < K(1+n) for every n > 0.

Define . )
Ner(y) =E7 | > 0"R(ZT)|,  Dxr=Ej [Z 5”] :
n=0 n=0
Using the preceding bound and D, > 1,
Nr(y) .
T,T < _C+nZ:05nE[(y+ c+ Bn)+].
The bound is uniform over (7, 7), so
1o (y) < —c+Z§”E[(y+c+Bn)+]. (12)
n=0

Fix y° € R. For every y < y°,
0< (y+c+By)* <|y°+c|+ Bn.
Moreover,

oo
> "E[ly° + | + Bn] < o0,
n=0

because E[B,] < K(1 + n). Since, for every fixed n,
(y+c+ BT —0 a.8. as y — —0o,

dominated convergence gives
o

> §"E[(y+c+ Ba)t] — 0.

n=0

Combining this with (12) and I (y) > —¢, yields

yggloo Ifront(y) = —c.
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B.6 Proof of Proposition 1

Proof. After the frontier experiment, the highest index among the pre-existing opportunities
remains p. The newly generated safe product has index 1/, the new frontier has index I™"t(y/),
and the newly created recombination project has index I%*P(Ay,y’). By Theorem 1, the startup
chooses an opportunity attaining the maximum of these four values.

We prove the four parts separately.

Part (i): market entry after a valuable discovery.
Fix (A,y,p). For a frontier realization v € R, define the highest index among the alternatives
to immediate commercialization by

C(v) = max { p, 17" (v), IP(A, y,v) }
By Lemmas 10 and 11, C is finite, continuous, and weakly increasing. Moreover, for every a > 0,
0<C(v+a)—C(v) <da.

Indeed, p is constant, while both exploratory indices increase by at most da when their relevant
payoff coordinate increases by a. Define

D™ (p) = v — C(v).
For every a > 0,
D™ (v +a) — D™ (v) =a— (C(v+a)—C(v)) >(1—6)a>0.
Thus, D™ is continuous and strictly increasing. Since C(v) > p,
DY () < v — p — —00 as v — —oo.
For v > 0, the §-Lipschitz bounds established by Lemmas 10 and 11 imply
Iiont () < 1rent() + o and I8P (A y,v) < I8P (A, y,0) + dv.

Consequently,
C(v) < C(0) + dv,

and therefore
D™ (y) > (1 — 6)v — C(0) — +o0 as v — +00.

There is therefore a unique finite value
77(A,y,p)
satisfying
77 (Ay,0) =CET (A, ).

Equivalently,
7" (A, p) = max {p, 1" (G (A, p)), Igap(A,y,?F(A,y,p))}-
Since D™ is strictly increasing,

v>75(Ay,p) = v>C(v).
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Thus the newly developed safe product is weakly optimal if and only if

y >75(Ay, p).

If the inequality is strict, then

y/ > max {p7 Ifront(y/), Igap(A’y’y/)} 7

so immediate market entry is uniquely optimal.

Part (i1): return to pre-existing projects.
Continue to hold (A, y, p) fixed, and define the highest index among the opportunities generated
by the frontier experiment by

B(v) = max {v, Iiont (), Igap(A,y,v)} .

The three functions entering this maximum are finite, continuous, and strictly increasing. Hence
B is itself finite, continuous, and strictly increasing. By Lemmas 10 and 11 ,

lim Ifront(’l)) = _—¢ and lim Igap(A,y,v) = —cC

V——00 V—>—00
Since v — —o0, it follows that

lim B(v) = —c.

V—>—00

Moreover, B(v) > v, and hence
lim B(v) = 4o0.

V—+400

Under the maintained condition p > —c, there is therefore a unique finite threshold

yF(A,y,p)

satisfying
B(y"(A,y,p)) = p.
That is,
p = max {yF(A,y,p), 1" (y (A, y, p)), Igap(A’y,gF(A,y,p))} :

Since B is strictly increasing,
<y"(Ay,p) < Bv)<p
Therefore, an opportunity from the pre-existing portfolio is weakly optimal if and only if
v <y"(Ay,p).
If the inequality is strict, then
/ Ifront Y J8aP(A /
max -y, (y), IFP(Ay,4') ¢ <p,
S0 every opportunity generated by the new frontier branch has index strictly below the highest

pre-existing index.
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It remains to compare the two profitability thresholds. By the definition of the upper threshold,

75(Ay,p) = C(TF (A, y,p) > p.
Hence
B@F(Ay.p) =75 (Ay,p) > p.
Since
B(y"(A,y,p) =p

and B is strictly increasing, we obtain
v (A, 0) <7 (ALY, p)-

Part (i11): frontier continuation.
Suppose [ fl”Om(y) > p. Because the safe product at the old frontier belongs to the pre-existing
portfolio, p > y. Moreover, I (y) > —¢, by Lemma 11. Define

b(y) = max {—c, oy — (1 — d)c}.
We have

b(y) < max{y, —c}.

Indeed, if y > —c, then
oy —(1=0d)c=y—(1=0)(y+c)<y;

if y < —¢, then
oy—(1—=9)ec < —ec.

Consequently,

"™ (y) > max{p,y,b(y)}.

Let
v = I (y) — max{p,y,b(y)} > 0.

By continuity of the frontier index, there exists 1y > 0 such that

"U _ Z/| <ny = Ifront(v> > [front(y> o %

Reducing 7 if necessary, assume also that
n < —-
Then, whenever [v —y| < o,

Iont () > p and It () > .,

The sequential small-gap bound in Lemma 10 implies that there exist 7; > 0 and A > 0 such that

IEP(A, y,0) < bly) + 1

whenever B
0<A<A and v —y| <n.
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To see this, otherwise one could construct sequences Ay | 0, vy — y, satisfying

Igap(Aka y)vk) > b(y) +

2

contradicting the sequential version of the small-gap bound. Set
1 = min{no, m}.
For 0 < A <A, |y —y| <n, we have

1oy > o)~ 2 and  TEP(A, ) < bly) +

2

Since
I (y) > b(y) + 7,

it follows that
Ifront <y/) > Igap<A7 v, y/)'

Together with
Ifront (y/) >p and Ifront (y/> > y/7

this shows that the new frontier arm is uniquely optimal. B
Finally, Assumption 6 gives G((0,A)) > 0. Conditional on every realized step d € (0, A),

Yy —y=pd+ oVde
has a nondegenerate normal distribution. Therefore,
P(ly —yl <77‘A:d) > 0.
It follows that

P(0<A <A, \y'—y|<n)—/ B P(\ud—f—a\/&s]<77‘A:d)G(dd)>0.
(0,A)

Part (iv): the technological-distance cutoff.
Fix (y,v', p), and define the highest non-gap index after the discovery by

M = max {p, Yy, Ifront(y’)}.
This number is finite. Moreover, M > —c because I'™"(y/) > —c. Let
m = max{y,y'}.
Since p >y and M >3y, M > m. The small-gap bound in Lemma 10 gives

lim sup I#*P (¢, y,v") < max {—c, ém — (1 — &)c}.
10

The right-hand side is strictly below M. Indeed, if m > —c, then

max {—c, dm — (1 —d)c} <m < M.
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If m < —c¢, then the right-hand side equals —c, while
—c< Ifront(y/) < M.

Thus
lim sup I8P (£, y,y') < M.
€10
It follows that
I (0, y,y') < M

for all sufficiently small ¢ > 0.
On the other hand, the large-gap result in Lemma 10 gives

IEP (0 y, y') — +o0 as { — oo.

Therefore, the set
{E >0: I8P (0, y,y) > M}

is nonempty and is bounded away from zero. Hence
0 < APy, p) < .
We now establish the threshold structure. Define
W) = 962 y,y),  @>0,

and set
F

xt =/ A(y, ¢, p).

By Lemma 10, h is finite, continuous, convex, and weakly increasing. For every z < ', the
definition of the cutoff implies h(z) < M. Continuity then gives h(z!) = M. Indeed, if h(z') < M,
continuity would imply that h(z) < M on a right-neighborhood of 2%, contradicting the definition
of the infimum. If h(xf") > M, continuity would imply that h(z) > M for some z < %', producing
the opposite contradiction.

Strict dominance above the cutoff follows from recalling that we have proved above that h(x) <
M for x low enough. So, continuity and convexity imply that there exists a left neighborhood of
xf" on which h is strictly increasing. Convexity then implies that h is strictly increasing also at the
right of xf'. O

B.7 Proof of Proposition 2

Proof. After the recombination experiment, the highest index among the pre-existing oppor-
tunities remains p. The newly developed safe product has index yps, while the two descendant
recombination projects have indices Jr(yas) and Jg(yar). Theorem 1 therefore reduces the post-
experiment decision to a comparison of these four values.

We proceed in two steps.

Step 1: thresholds in prototype profitability.
By Lemma 10, the functions
Jr,Jr: R— R

are finite, continuous, and strictly increasing. Moreover, for every v € R and every a > 0,

0<Jp(v+a)—Jp(v) <da and 0< Jg(v+a)— Jr(v) < da.
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We first characterize market entry. Define
C(v) = max {p, JL(v), Jr(v)}.
The preceding Lipschitz bounds imply
0<C(v+a)—C(v) <da.

Hence the function
D™ () = v — CO(v)
is continuous and strictly increasing. Indeed,
D™ (y + a) — D™ (v) > (1 — 8)a > 0.
Since C(v) > p,
DY (p) < v —p — —00 as v — —00.

For v > 0, the endpoint Lipschitz bounds give
Jr(v) < JL(0) + v and Jr(v) < Jr(0) + dv.

Consequently,
C(v) < max {p, J.(0), Jr(0)} + dv,

and therefore
D™ () — 400 as v — +o0.

There is thus a unique finite threshold

—rec

Yy :yrec<€’u’ yL:vap)
satisfying
yrec — max {p’ JL (yrec)’ JR(yrec)} .
Since D™ is strictly increasing,

v > yrec <— v > max {p, JL(U)7 JR(”)}'

Thus the newly developed product is weakly optimal if and only if y3; > 7, and it is uniquely
optimal whenever the inequality is strict.
We next characterize return to the pre-existing portfolio. Define

B(v) = max {v, Jp(v), Jr(v)}.

Because all three functions entering the maximum are continuous and strictly increasing, B is
continuous and strictly increasing. The bad-endpoint limits in Lemma 10 imply

A, Tule) = I Jalv) = e
It follows that
lim B(v) = —c.
V——00

Moreover, B(v) > v, and hence
lim B(v) = 4o0.

V—+00
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Since p > —c, there is a unique finite threshold

rec

=y (, %, YL, YR, p)

satisfying
p = max {yrec’ JL(QreC); JR(QreC)} )

Strict monotonicity of B gives
v<y"™ <<= Bv)<p.

Thus an opportunity attaining the pre-existing index p is weakly optimal if and only if yp, < y™°.
If the inequality is strict, then

max {ynr, Jr(ym), Jr(ym)} < p,

so every opportunity generated by the recombination experiment has index strictly below the
highest pre-existing index.
We now compare the two thresholds. At the upper threshold,

yrec — C(yrec) Z p.

Therefore,
B(y™)=y" 2p
Since
B(y™) =»
and B is strictly increasing,
Yoo < e,

Finally, suppose that

yrec < v <grec'

Write
J(v) = max{Jp(v), Jr(v)}.

The first inequality implies

max{v, J(v)} > p,
while the second implies

v < max{p, J(v)}.

These two inequalities jointly imply
J(v) > max{p,v}.

Indeed, if J(v) < p, the first inequality would require v > p, whereas the second would require
v < p, a contradiction. Similarly, if J(v) < v, the second inequality would require p > v, whereas
the first would require v > p. Consequently,

rec

Yy <ym <y

implies
max {Jr.(yam), Jr(yar)} > max{p, yr}.
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One of the two descendant recombination projects is therefore uniquely preferred to both the pre-
existing portfolio and immediate market entry. At yys = y™°, an opportunity attaining p is weakly
optimal. Aty = 7", the newly developed safe product is weakly optimal. The strict continuation
region is nonempty precisely when y ¢ < 7.

Step 2: the technological-span cutoff.
Fix (u,ya, yr, yr, p) and write
M = max{p,yr}.

Since both endpoint products belong to the pre-existing portfolio,

yr < p, Yr < p.

It follows that
max{yr, ym, yr} < M.

Moreover,
M>p>—c

Recall that
K(X\) = max {I#*(uX, yr,ym), I8P (1 — w)\, yam, yr)} -

It is convenient to set
H(z) = K(2?), x> 0.

By Lemma 10, each of the functions
x> IP(ua® yr,yn)  and oz e IEP((1 - u)z?, yur, yR)

is finite, continuous, convex, and weakly increasing. Their maximum H therefore has the same
properties. Let
b(M) = max{—c, M — (1 —d)c}.

Since M > —c,
b(M) < M.

The small-gap bound in Lemma 10 gives

lim sup 5P (ua?, yr, yar) <b(M)  and  Timsup I¥P((1 — w)a?, yar, yr) < b(M).
zl0 zl0

Hence

limsup H(z) < b(M) < M.
zl0

Thus, for sufficiently small root lengths,
K(\) < M,

and neither descendant gap is optimal.
Since u € (0, 1), both
ur? and (1 — u)z?

diverge as x — oo. The large-gap property in Lemma 10 therefore implies

H(x) — +o0 as r — 00.
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It follows that
0< grec(u7 YMm,YL, YR, 10) < 0.

Write

xrec = \/Erec(u7 YM,YL, YR, p)
By the definition of the cutoff,

H(x) <M for every x < ™.

Continuity gives
H(x™%) = M.

Strict dominance above the cutoff follows from H(z) < M for x low enough. This is so because
continuity and convexity then imply that there exists a left neighborhood of "¢ on which H is
strictly increasing. Convexity then implies that H is strictly increasing also at the right of x"¢c.

O

Appendix C Career Mobility

Proof of Lemma 1. Fix a reachable informational state S, and write r = r(5) and y = y(S5).
We first consider a finite continuation horizon. For T > 1 and k € {1,2}, let Q7 (S) denote the
expected discounted payoff over the next T" periods when the worker selects r 4+ k in the current
period and behaves optimally thereafter. Temporarily suppress any midpoint opportunity created
between the old and new frontiers. Conditional on the opportunities already available at S, let

(I)T(l‘; S)

denote the optimal expected payoff over the next 1" periods when a new right-hand frontier branch
has been created with frontier payoff x. Set ®q(-;S) = 0.

The absolute location of the new branch is immaterial for this restricted continuation problem.
By stationary independent increments, a continuation plan for a branch beginning at » + 1 can be
translated one position to the right and followed from a branch beginning at r+2. All opportunities
that were available before the frontier experiment remain available in either problem.

We claim that

x— Op(z;5)

is convex. Represent future uncertainty by a canonical collection of random-walk increments,
independent of x. A contingent plan specifies, after every canonical innovation history, whether
the worker selects an opportunity that was already available at S or one descending from the new
frontier branch. The set of such contingent plans is independent of x.

For any fixed contingent plan, every payoff obtained from a pre-existing opportunity is inde-
pendent of x, whereas every payoff obtained from the new branch is equal to x plus a random term
independent of x. The expected discounted payoff generated by that plan therefore has the form

A+ xB

for constants A and B that depend on the plan and on s, but not on . Since ®7(-;.5) is the
supremum of these affine functions, it is convex.
Let
YW =y+e, YO =yte+te,
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where €1 and €9 are independent Rademacher variables. A one-position frontier move creates no
midpoint opportunity. Hence

Q11(S) =E [Y“) + 6By (Y, S)} — y+0E [(I)T—l (v, s)} :

After a two-position move, the worker can ignore the newly created midpoint and follow a
translated version of any continuation plan available after a one-position move. Therefore,

Qor(8) 2 E [V 4+ 5071 (P 8)| = y + 0F |07, (v 5) |

Moreover,
E [y(Q) | y(l)} —y®.

Conditional Jensen’s inequality and the convexity of ®7_1(+;S) imply
E |01 (Y®;8)| 2 E [or (Y1;5)]

Consequently,
Q2,7(s) > Q1,7(95)

for every finite 7.

Since Rademacher variables have support {—1,1}, it is immediate to see that finite-horizon
values converge to their infinite-horizon counterparts and that the discounted truncation error
converges to zero uniformly over admissible policies. Letting T' — oo therefore gives

Q2(5) > Q1(5).

Thus, whenever a one-position frontier expansion is optimal, the two-position expansion is also
optimal. Resolving indifference in favor of the latter yields an optimal policy under which every
frontier expansion moves exactly two positions to the right. O

Proof of Lemma 2. A safe arm S, yields the deterministic reward v in every period and repro-
duces itself. Hence IS(v) = v.
We next establish vertical translation for the exploratory career arms. For a € Z, define

Tan = Gv—i-ay TaFU = Fv—i—a-

The transition laws of the career arms imply that activating T,z generates the translation by a of
every descendant generated by z. Thus, translating every arm in a descendant history by a gives a
bijection between admissible policy-stopping pairs starting from z and those starting from 7, z. Fix
an admissible pair (7, 7) starting from z, and let (7%, 7%) denote its translated counterpart. Since
the career application imposes

u(y,x) =y, c¢=0,

every reward obtained under the translated pair is larger by exactly a. Therefore,

-1 71 T—1
E?Zz[;) S"R(Z]")| =K ;5”3(2;;) +aET ;)5”]
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The discounted duration is unchanged. Hence the discounted-average payoff of the translated pair
is the original discounted-average payoff plus a. Taking suprema and using the inverse translation
gives
I(Tyz) = 1(2) +a.
It follows that
I%(v) = v+ 19(0), ¥ (v) = v+ IY(0).
Define
vq = 19(0), vp = I1Y(0).

We now compute tg. Starting from G, the first activation has expected reward zero and

generates
S 1 Or S_ 1

with equal probability. These are the only possible descendants.

Following the realization —1, operating the resulting safe arm can only lower the discounted-
average payoff, so it is optimal to retire the family immediately. Following the realization 1, suppose
that the worker operates S for N periods and then retires. The corresponding discounted-average
payof is

1 N
520"
n=1

1N
n
1+§Zé
n=1

This expression is increasing in N. Therefore, the supremum is obtained by retaining S; forever
after the positive realization. The resulting numerator and denominator are

e, §
NG—2;5 T 2(1-9)

and
1 & 5
D=1+ 0"=1+-—_.
“ +2;1 T oa =y
Consequently,
_Ne _ 0
‘“T Do 2-4
Since § € (0,1),
O0<ig <1

Finiteness of ¢ follows from the discounted-integrability bound and Theorem 1.

To compare the two exploratory indices, consider the following feasible policy in the single-
arm descendant process initiated by Fy. Activate the frontier once. If the new frontier match is 2,
operate the resulting safe arm So forever. If the new frontier match is 0 or —2, retire the descendant
family immediately.
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The event in which the new frontier match equals 2 has probability 1/4. The discounted-average
payoff generated by this policy is therefore

1 o
1220
n=1

B 20
1 4—36
14+ = o"
It follows that
S 20
=38
Moreover,
20 1) 52
— = > 0.
4-35 2-6 (4-30)(2—-9)
Hence

tp >t > 0.

The normalized transition laws of Gy and Fgy contain no primitive other than the fixed Rademacher
probabilities. Thus ¢ and ¢t depend only on the discount factor §. Combining this observation
with vertical translation proves

IB(w) = v, I%(W) = v+, I"(v) =v+up

for every reachable v € Z. O

Proof of Proposition 3. Suppose first that g(s) = 0. By Corollary 1, the worker compares the
best safe occupation with the career frontier. The safe occupation is weakly preferred if and only if

m(s) > y(s) +tr,

or equivalently,
d(s)+vp <0.

Since d(s) is integer valued, this condition is equivalent to
d(s) <d.

Under the stated tie-breaking rule, the worker settles whenever this inequality holds and expands
the frontier otherwise.
Now suppose that g(s) > 0. A maximal gap has index

m(s) + g > m(s),

because tg > 0. Hence the best safe occupation is strictly dominated, and the worker compares a
maximal gap with the frontier. The gap is weakly preferred if and only if

m(s) +ta = y(s) +ip,

or equivalently,
d(s) +tr < 1q.
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Since d(s) is integer valued, this condition is equivalent to

d(s) < d".
The tie-breaking rule selects a gap at equality.
Finally,
tp >1g >0
implies B
d<0 and d* < 0.
Since

0<ig <1,
we also have
|—tr] < |—tr+1a) < [—r] +1,
which proves
d<d" <d+1.
O

Proof of Lemma 3. Fix a reachable informational state S with career frontier r. As in the proof
of Lemma 1, we first consider a finite continuation horizon. For T" > 0, let

O (z,p; S)

denote the optimal continuation value over the next T periods in the auxiliary problem in which
the worker retains all opportunities available at .S, has a new career frontier at position p with
match x, and any untried position initially left between the old and new frontiers is suppressed.
Set <I>(I] =

The same finite-horizon argument used in the proof of Lemma 1 implies that

z +— Of(z,p; S)

is convex. In addition,
O (z,p+1;8) > ®f(x,p; 9). (C.1)

Indeed, this follows by backward induction on T. Any continuation plan from frontier position p
can be shifted one position to the right from frontier position p + 1. Pre-existing opportunities
remain unchanged, while each new occupation sampled under the shifted plan has a marginal
distribution that is a mean-preserving spread of the corresponding distribution under the original
plan. Conditional Jensen’s inequality and the convexity of the continuation value therefore imply
that shifting the plan to the right cannot reduce its expected value. This proves (C.1).

If QéT(S ) denotes the finite-horizon value of first selecting r + k, then

Q{,T(S) =E [V, +007 (V) 1, r+1;9)].
After selecting r 4 2, the worker can ignore the additional untried occupation at r + 1. Hence
Qé,T(S) >E (U, + 000 (U, r+29)].

Using (C.1), . ; . ;
Qa7(S) > E [V o+ P71 (¥, 0,7+ 1;9)].
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The function
r— z+0PL_ (z,r+1;9)

is convex. Conditional Jensen’s inequality therefore gives
Qé,T(S) >E [‘I’{w + 5q)§“71(\11£+17 r+1;9)] = Q{,T(S)'
Thus,
Q5.7 (S) > Q1 £(5)
for every finite T'. The passage to the infinite horizon is the same as in the proof of Lemma 1. Since
ng<r+2(t+1) and Wl <n

almost surely, the discounted truncation error converges to zero uniformly over admissible policies.
Letting T — oo yields

QL(S) > Q1(9).
O

Proof of Lemma 4. Fix an untried occupation n and a candidate fair charge ¢. The arm must
first be activated. After its payoff Y,/ is observed, its only descendant is the safe arm S(Y,[). It is
optimal within the single-arm descendant problem to operate this safe arm forever when Y,/ > ¢
and to retire the family otherwise. Its fair-charge excess value is therefore

o + ) +
Vi) =E |V g+ —— (W -9 | = —a+ ——E (v - ) "],
1-96 1-96
where the second equality uses E[Y,/] = 0. The function V,I is continuous and strictly decreasing,
V. (0) >0,
and
VE(q) — -0 as ¢ — +o0o.

It therefore has a unique positive root. By the fair-charge representation, that root is ~,, giving
+
OE [(Yn[ ~Yn) } = (1= 68)m.

For every fixed charge ¢, the function
yr— (y—q)"
is convex. Since, for every n < k, Ykl is a mean-preserving spread of Y,!, it follows
VH(g) <ViH(q) whenever n < k.
Since each excess-value function is strictly decreasing and vanishes at its index,

Yn < V-

Finiteness of b, follows from discounted integrability. To obtain the lower bound, consider the
following feasible policy in the descendant problem initiated by FL. Activate the frontier once,
ignore the newly created hole and future frontier, and manage only the safe arm generated by the
draw at position r + 2. This reproduces the single-arm policy available from Hf 4. Hence

by > Yr42.
Finally,
Yr+2 >0

because Y,! , is nondegenerate. O
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Proof of Proposition 4. Lemma 3 eliminates the one-position frontier move. Consider any
untried occupation n behind the frontier. Since n < r 4 1, Lemma 4 gives

I(H;Tz) =T < Yr42 < by

Every untried occupation behind the frontier is therefore weakly dominated by the career-frontier
arm.

Among the previously tried occupations, one attaining m has the highest safe index, equal to
m. The optimal action is consequently obtained by comparing

m and by

The frontier is selected when m < b,, while the tie-breaking rule selects a safe occupation when
m > by.

Selecting a known occupation leaves the informational state unchanged. Hence, once a safe
occupation is optimal, it remains optimal in every subsequent period. Settlement is therefore
permanent. O
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